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Hydrogels are three dimensional crosslinked networks of polymer chains which 
swell in the presence of water molecules. Through swelling, hydrogels are able to 
change volume, shape and material properties in response to external stimuli such as 
temperature, light and pH. In particular, hydrogels are capable of deforming into 
various fascinating geometrical patterns through mechanical instability, such as 
buckling, wrinkling and creasing. Due to these amazing features, hydrogels exhibit 
tremendous potential for a variety of applications, including drug delivery, tissue 
engineering, stimuli-response actuator and adhesive coating.  
Recently, hydrogel thin shells and multilayer structures have attracted a great 
deal of research interest. These structures exhibit rich bifurcation and post-bifurcation 
phenomena. So far, the underlying mechanical and physical principles that control 
these bifurcations and post-bifurcations have not been fully understood. Hence 
studying these bifurcation and post-bifurcation phenomena not only provides an area 
to study their underlying shaping mechanics and physics, but also provides new routes 
for fabricating novel devices. In the present work, we apply a thermodynamic 
hydrogel model and perform numerical modeling and simulation to study the pattern 
formation and evolution of hydrogel structures through mechanical deformation and 
instabilities. By controlling the mechanical behavior of hydrogel structures and 
loading conditions, we reveal various instability pathways, leading to diverse 
post-bifurcation geometrical patterns, and demonstrating new potential routes to 
XVII 
 
design and shape hydrogels to obtain elaborate morphologies and useful functions. 
We first perform FEM simulations to investigate the mechanical instabilities of 
hydrogel microlenses triggered by concentrated loadings. Depending on hydrogel 
microlenses geometries and loading conditions, a series of nontrivial instability 
pathways are observed, including: transitions of localized polyhedral faceted shapes 
with multi-fold vertices created by bifurcation, snapping through curvature inversion 
and large load drop, and wrinkling driven by combined in-plane stretching and 
compression. The deformed morphologies are also sensitive to swelling/shrinking of 
the hydrogels. Both swelling and shrinking of the hydrogel microlenses structure may 
eliminate the already bifurcated multi-facet shapes. Hence through tuning the 
mechanical loading and surrounding chemical potential, the shapes of the hydrogel 
microlenses can be well controlled. This work may shed light on the possible design 
and fabrication of smart hydrogel microlenses that have controllable focal properties 
and shape memory surfaces. 
We then investigate the buckling instability of a multilayered hydrogel tubular 
structure under shrinking using both analytical method and FEM simulation. It is 
found that the mechanical stabilities enable three types of post-buckling 
configurations with regular patterns; that is, the formation of inner teeth alone, the 
formation of outer teeth alone, and the formation of both inner and outer teeth. The 
critical conditions and the post-buckling profiles have been predicted. The controlled 




Next we investigate the bifurcation instabilities of circular hydrogel plates with 
varying cross-linking density along the radial direction undergoing swelling. 
Depending on the distribution of the cross-linking density and the aspect ratio of the 
plate, different buckling patterns are observed. When the cross-linking density is 
lower at the center and increases monotonically outwards, a global buckling occurs, 
and the hydrogel plate forms an axisymmetric bowl container. When the cross-linking 
density is higher at the center and decreases monotonically outwards, edge wrinkling 
occurs. These wrinkles can be either localized near the edge or penetrate deep into the 
plate, depending on the detailed distribution of the cross-linking density. The 
post-buckling morphologies provide a potential route to control shaping of smart 
hydrogel components, such as, containers or microlenses.
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Chapter 1: Introduction 
1.1 Swelling behavior of hydrogels 
Hydrogels are three dimensional crosslinked networks of polymer chains which 
swell in the presence of water molecules. Hydrogels are interesting due to their 
noteworthy property: their ability to swell gigantically - the volume change at 
transition could be as large as a factor of one thousand [1]. This amazing volume 
transition phenomenon has stimulated enormous investigation in hydrogels. The 
history of gel research dates back to 1948 when Kuhn, and Breitenbach and Karlinger, 
independently found that water-swollen gels can convert chemical energy directly into 
mechanical work under isothermal conditions [2, 3]. This conversion of microscopic 
chemical free energy to macroscopic mechanical work is one of the motivations 
behind the study of hydrogels. Later in 70s Tanaka distinguished the phase transition 
from a collapsed phase to a swollen phase for ionic gels and led to the development of 
“smart" hydrogels that could undergo large volume transition in response to external 
stimulus, such as pH, temperature, electric field and light [4-6]. Due to these large 
volume transition properties, hydrogels have found technological applications in a 
number of fields, like actuators in micro fluid systems, substitutes for bioimplants, 
carrier for drug release systems, and micro lens fabrication [1, 7-10]. 
Macroscopically, swelling involves the influx of liquid molecules into a flexible 
network. A most approachable example is the swelling of a sponge in water. The 
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sponge which is in dry state, when placed in water, absorbs water molecules and 
changes to swollen states. In general, this transformation is accompanied by a change 
in material properties and dimensions. This results in a softer sponge with an 
increased volume. 
Microscopically, the swelling process is more subtle and complex. When 
immersed in solvent (Figure 1-1), the polymer matrix will be expanded by the influx 
of fluid and ions. As these particles insert themselves into the polymer networks, 
competing energy will equilibrate. The driving force for swelling depends on the 
properties of hydrogels, which include chain structure, polymer hydrophilicity and ion 









1.1.1 Neutral hydrogel swelling equilibrium 
In neutral hydrogels, there are two competing energies within the system. The 
energy that resists the water migration comes from the entropy of stretching the 
polymer chains. Statistically, it is assumed that the direction in space of each link in 
the polymer chain is entirely random and bears no relation to the direction of any 
other link in the chain. With the assumption that polymer chain end-to-end length 
follows Gaussian statistical distribution, the osmotic pressure arising from stretching 









     
                                            (1‐1) 
where  , k , T , and 3J   denote for the stretch in principal direction, 
Boltzmann constant, the temperature, and volume strain, respectively. Under tension, 
each polymer chain is stretched to accommodate the deformation. As this stretching 
reduces the number of possible configurations the chain can take, the configuration 
entropy will decrease, resulting in repelling water molecules. 
Meanwhile, the energy that drives the influx of water is from the entropy of 
mixing. More specifically, the intermolecular forces fall into four categories: ionic, 
hydrophobic, van der Waals and hydrogen bonding. Depending on the structure of 
hydrogels, that is, neutral hydrogels or ionic hydrogels, the interactions between 
polymer network and the solvent are different. When water molecules migrate into a 
neutral hydrogel, the possible arrangements of the system increase, leading to greater 
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entropy of the mixture compared with the separated components. This is similar to the 
mixing of ideal gas. Unlike the ideal gas which is chemically inert, polymers interact 
with the water. The interaction between the polymer and water leads to the heating of 
mixing. The heating of mixing can be considered to originate from the replacement of 
some of the contacts between like species in the pure liquids with contacts between 
unlike species in the mixture. The osmotic pressure due to mixing energy, which 





v J J J
                                               (1‐2) 
where v  and   denote the volume per water molecule and Flory-Huggins 
interaction parameter, respectively. Flory-Huggins interaction parameter, which 
qualifies the heat of mixing, is a material specific parameter, depending on the nature 
of both polymer and solvent. The swelling equilibrium is attained when both the 
repelling/elastic osmotic pressure and deriving/mixing osmotic pressure balance, that 
is: 
0elastic mixing                                                   (1‐3) 
NIPA (N-isopropylacrylamide) gel (Figure 1-2) is the most studied neutral 
hydrogel [12-14]. NIPA gel has a slightly hydrophobic nature and contains groups, 
which preferably interact with water molecules through hydrogen bonds. The 
formation of these hydrogen bonds contributes to hydrogel swelling. Since hydrogen 
bonds depend on the temperature, when exceeding a critical temperature, the LCST 
(lower critical solution temperature), these hydrogen bonds break apart and result in 
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shrinking of hydrogels. Tanaka reported the abrupt volume change of NIPA gel upon 
temperature change. The transition temperature can be from 34℃ to 60℃ depending 
on the concentration of the ionizable group in the network. He also found the pattern 
formation during swelling/shrinking, most strikingly “bamboo/bubble” formation on 
the surface of cylinder hydrogel which originates from inhomogeneous shrinkage [15]. 
Since the critical phase transition temperature for NIPA gel is close to human body 




1.1.2 Ionic hydrogel swelling equilibrium 
Ionic hydrogels comprise weak acidic or weak basic groups which can be ionized. 
Beside previous elastic and mixing energy, these charged side groups form the ion 
concentration gradient between solvent and the polymer, serving as an internal driving 
force in attracting water. The explicit form of osmotic pressure due to ions is: 
 *ions i ikT ic v c cv z                                                   (1‐4) 
where i  is the number of fixed charges per polymer unit, c  is the molar 
concentration of polymer units, z  is the valence of the fixed charges, v  is the 
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number of different ionic species present in the gel, ic  is the molar concentration of 
the free ions within the gel, *ic  is the molar concentration of free ions in the 
solvents. 
The swelling equilibrium is obtained when all these three energies balance: 
0elastic mixing ions                                              (1‐5) 
Addition of salt with concentration saltC  in the external solution results in the 
non-uniform distribution of mobile ions inside and outside the hydrogels. The 
influence of the electrolyte can be evaluated by the ideal Donnan equation which 
gives rise to: 
 2 1salt A saltN kT K C                                                               (1‐6) 
    where AN  is the Avogadro's constant, K  is the Donnan coefficient of mobile 
ions inside and outside the hydrogel. When equilibrium is reached, the osmotic 
pressure due to stretching polymer chains, mixing and ions as well as pressure due to 





Typical example of ionic hydrogel is PAA-PVA gel (Figure 1-3). Fei reported 
that this gel can undergo reversible swelling/shrinking in response to solvent pH [19].  
If the gel is immersed in a basic solution, these carboxyl side-groups react with the 
free (OH-) hydroxide ions. The left negative charges on the polymer network tend to 
attract water molecules to decrease the ion gradient. If the gel is later immersed in an 
acid environment, free (H+) hydrogen ions neutralize the negative charges on the 
polymer, causing the gel to contract. Due to the ability to convert chemical energy to 
mechanical energy, these pH sensitive gels have been used as bending gel fingers in 
MEMS or actuators in micro-fluid system [8, 20]. 
1.1.3 Physical hydrogel swelling 
Different from covalent bonded chemical hydrogels, the “cross linkers” within 
physical hydrogel are transient. The network formation is driven by hydrophobic 
association, ionic bonding, hydrogen bonding or the combination of these three. 
Typical example of hydrophobic association is the block co-polymers, which contain 
both hydrophobic and hydrophilic chains [21-23]. When the physical hydrogel is 
immersed in a solvent, the hydrophobic chains self assemble together, forming “cross 
linkers”, while the hydrophilic chains bridge the hydrophobic clusters. As illustrated 
in Figure 1-4, hydrophobic PPG and PHB assembles together as hard core, whereas 
PEG chains that attract water tend to connect the hard cores. Hence an associated 
micelle structure could be formed by the network-like packing of the polymer chains 
[22]. Likewise, solvent ions and hydrogen bonding between polymer and solvent can 
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also link the long polymer chains, forming network [24]. Since the non-covalent 
bonding is weak, thermal fluctuation may result in cross linkers bonding or debonding 
[25]. Thus the material properties like modulus and viscosity can be dynamically 
changed by tuning temperature, stress or solution environment. This noteworthy 
behavior is applicable in drug delivery system or artificial implants [26-29].  
 
 
Figure 1‐4. PEG-PPG/PHB block copolymer swelling in water. 
1.1.4 Patterns formation in hydrogel structures 
Hydrogels exhibit many fascinating patterns through mechanical instabilities. 
The inspiration for much of the work comes from natural world. For example, 
microlenses which can dynamically modify their curvatures are similar to the 
snap-through feature of Venus flytrap [30]. Hydrogel sheets with ‘programmed’ 
compositions can shrink to delicate configurations imitating the growth of marine 
invertebrates [31]. These topographical modifications of hydrogels have potential 
impact on a variety of applications including: optical devices, smart adhesion surfaces, 
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drug delivery systems and soft tissue engineering [8, 32, 33].  
The underlying shaping mechanism of hydrogels is interesting and intriguing. It 
results from the non-uniform distribution of stress arising from inhomogeneous 
swelling and/or mechanical constraints. The residual stress may lead to mechanical 
instability of the structure, e.g. surface crumbling and bifurcation, eventually resulting 
in complex configurations [34-36]. Depending on the type of hydrogels, various 
stimuli, such as solvent swelling, temperature, pH, electric current and mechanical 
loadings, can be used to generate the critical stress and thus lead to these instabilities 
[37-39]. The pattern formations caused by mechanical instability are unique, and may 
belong to a different category from other types of pattern formation, such as phase 
separation. Here we will brief some of the most interesting instability phenomena in 
the following. 
1) Creases 
It has been found by Tanaka and co-workers that during swelling a hydrogel, 
various kinds of patterns appear, including both transient and thermodynamically 
stable patterns [40, 41]. When a hydrogel film is chemically bonded to a rigid 
substrate and then the film-substrate system is immersed in water, this 
surface-attached hydrogel, whose thickness is much thinner than its lateral dimensions, 
can only swell in the direction normal to the surface due to the mechanical constraint 
by the substrate. Once a critical swelling ratio is reached, the free surface of this 
hydrogel folds itself up and forms creases. The observed patterns evolve from a 
tree-like shape to a honeycomb-like shape during the swelling process. The typical 
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length scale of the final creases is twice the thickness of the films. Meanwhile, these 
creases disappear upon shrinkage. Since the crease formation is reversible and 
repeatable, this instability pathway has potential impact on biomaterial design and 
smart adhesive surface. 
2) Snap 
Swelling also provides a driving force for thin shell structures to snap from a 
concave curvature to a convex curvature [30]. A thin gel shell with concave 
configurations is bounded to an elastic substrate with an array of holes. When a 
solvent first swells a concave surface, it expands until a compressive stress is 
generated due to the lateral constraint from the edges of each hole. When a critical 
strain is reached, the thin shell reaches a higher-order buckling mode. At this critical 
value, the shell undergoes a snap-through transition to the more stable convex state. 
The transition time depends on the thickness of the hydrogel shells and permeability 
of the hydrogels. The snap instabilities differ from smooth elastic instabilities in their 
ability to undergo large magnitude in a short timescales. This mechanism has 
potential for design of responsive surfaces, which will impact the fabrication of 
optical devices that can dynamically adjust the configurations and focus properties. 
3) Buckling 
Pattern formation through mechanical instability not only represents a 
challenging problem in physics and mechanics but also sheds light on the 
morphologies formation in nature. Boudaoud experimentally observed “flower-like” 
shaped hydrogel plates [42]. It is formed by swelling core-corona hydrogel plates 
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whose inner hydrogel is stiff and outer hydrogel is compliant. During swelling, the 
less-swellable inner hydrogel confined the expansion of the more-swellable hydrogels, 
resulting in the out-of-plane buckling. The buckled shapes are characterized by a 
well-defined wavelength. Besides, self-assembled buckling patterns of thin films on 
curved hydrogel-like substrates have been studied by Yin and coworker [43]. 
Depending on the substrate curvatures, boundary constraints, derivational geometry, 
and anisotropic swelling/material properties, a series of buckling pattern occurs that 
mimics the shapes of natural fruits or vegetables, e.g. Korean melon, acorn squash, 
and striped cavern tomato. These observations first provide an alternative explanation, 
besides genetic reason, on the formation of waves in natural flowers, leaves and 
fruits/vegetables. In addition, since the layered structure is common in nature, this 
mechanism can be used to design and create desired pattern features by controlling 
the anisotropic and inhomogeneous material/swelling parameters, in addition to 
pre-straining, pre-patterning, and/or constraining the substrate during 
swelling/deformation. 
1.2 Motivations 
It is clear that hydrogel research is still in its preliminary stage, and is being 
further expanded rapidly. So far several important applications have been found. For 
example, they are already widely used in the field of contact lens fabrication [44]. 
They are commonly used in microfluidic industry as environment sensitive “gates” [8, 
45]. Furthermore, they are good candidates as substrates to guide three-dimensional 
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growth and migration of the cell [46, 47]. Hydrogel-based drug delivery system 
proves controlled release [48-50]. Because of their lightweight and power to weight 
ratio, hydrogels are applicable in artificial muscle fabrication and “bending 
fingers/arms” [51-53]. 
As discussed above, hydrogels also form interesting patterns when subjected to 
mechanical loadings or swelling/shrinking. These formed patterns are often the 
consequences of mechanical instabilities like buckling, wrinkling or snapping. Hence 
elastic instabilities play a vital role in mechanical failures and pattern formation.  
Determining the onsets of the instabilities and corresponding stress/strain is critical 
for engineering applications of hydrogel structures. However, hydrogel instability is 
still an open area and the development of a comprehensive mechanics could enrich 
the theory of solid mechanics. Besides their mechanics/physics significance, these 
patterns are also of morphological importance. The buckling patterns/creases 
observed are often highly regular with periodic waves. The configuration of the 
patterns mimics some of the shapes in natural flowers/leaves, potentially accounting 
for the wavy patterns of flowers/leaves. These well defined patterns also provide 
shaping mechanism to fabricate smart surfaces, which may result in a variety of 
applications, including release-on-command coatings and adhesives, on-command 
frictional changes, instant modification of optical properties at an interface, rapid 
response drug delivery, channels in micro-fluid system, and antimicrobial devices [32, 
54-56]. 
The applications of the hydrogel rely much on the comprehensive understanding 
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and formulation of their unique properties and morphologies responsible for the 
functions. Currently, the understanding of hydrogel is still preliminary, which limits 
the applications of these amazing materials. One of the most interesting problems is to 
shape hydrogels to obtain nontrivial morphologies through mechanical instabilities. 
Interpretation of these problems requires an accurate constitutive relation of hydrogel 
and a method to deal with complex geometric structures. A good constitutive relation 
should be able to describe the full three-dimensional stress-strain response while 
using a minimal number of materials parameters. The understanding of hydrogel 
material structure paves way for manipulating hydrogel structures to facilitate shape 
formations. Advances in material processing make it conceivable that future materials 
could be rationally tailored for their desired properties and configurations. Once again, 
the development of accurate hydrogel models for mechanical response and structure 
features, and the study of the mechanical instabilities of hydrogel structures are still 
important challenges in the endeavor to create new and better performing hydrogels. 
1.3 Objectives   
The design and use of hydrogels to achieve elaborate morphologies and 
fascinating properties is an exciting and challenging area in modern materials science 
and engineering. Hydrogel thin structures like plates and shells, whose one dimension 
is much smaller than the other two, tend to lose stability with ease upon loading. 
These structures exhibit rich bifurcation and post-bifurcation phenomena. So far, the 
underlying mechanical and physical principles that control these bifurcations and 
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post-bifurcations have not been fully understood. Studying these bifurcation and 
post-bifurcation phenomena not only provides an area to study their underlying 
shaping mechanics and physics, but also provides new routes for fabricating novel 
devices. Hence, the objective of the present work is to investigate the pattern 
formation and evolution of hydrogel thin shells and multilayer structures with varied 
initial geometries and material distributions triggered by different mechanism. For the 
onset of the instability, we focus on the critical buckling stress or swelling strain, 
whereas for the morphology evolution, we focus on the wave number and amplitude. 
These key features will be investigated throughout the thesis. More specifically, they 
are: 
1. To understand mechanical instability of hydrogel thin shell structures subjected to 
external mechanical loading. Simple point loading was used as the triggering 
mechanism for mechanical instabilities thus the shape evolution. Hydrogel 
microlenses subjected to concentrated loading will be studied using FEM. The 
bifurcation shapes and post buckling morphology evolution under different 
loading conditions will be examined. The driving force for the bifurcation of the 
thin shell structure will be discussed through energy scaling. The pre-buckling 
loading will be predicted by the material model and compared with FEM 
simulation. 
2. To investigate the formation of gear teeth based on mechanical instabilities of 
curved film/substrate systems. Inhomogeneous shrinking of the multi-layered 
hydrogel/film tube to form gear component will be investigated using FEM. The 
15 
 
location of gear teeth will be determined by a simplified ring-foundation theory. 
The onset of the buckling on hydrogel tube of various aspect ratios and modulus 
will be discussed. The characteristic teeth number and amplitude will be analyzed 
and compared with theoretical prediction.  
3. To study the mechanical instability of hydrogel plates with prescribed material 
inhomogeneity. Buckling behavior of a hydrogel plate with a space-varying 
cross-linking density subjected to free swelling will be discussed. Key factors, e.g. 
the thickness of the plates and cross linking density distribution, which control the 
buckling modes will be studied systematically by using FEM. Scaling laws will be 




Chapter 2: Computational Methods 
2.1 Introduction 
Hydrogel volume transition involves intricate chemical process, hydrophilic, 
hydrophobic and electrostatic interactions, and mechanical deformation [57]. To 
accurately capture features of hydrogel volume transition behavior, it is necessary to 
develop a model which is able to describe the multi-physics complexity. Throughout 
the years, many attempts have been made to constitutively model hydrogel using 
different methods. Flory was the first to address the physics and chemistry of gel 
swelling [11, 58]. As stated previously, he used energy minimization to predict the 
volume at free swelling equilibrium. With the development and applications of 
hydrogels, various constitutive models have been proposed to capture certain features 
of the mechanical behavior of hydrogels. This chapter reviews some of the most 
important contributions from the existing literature that deal with the mechanical 
models of hydrogels. Broadly, they can be categorized into one phase model, multi 
phasic model, transport model and thermodynamic model. 
2.2 Existing models 
2.2.1 One phase model 
Based on Flory’s pioneering work, numerous extensions have been made to 
capture complex behavior of hydrogels. Boyce and co-workers proposed a 
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Flory-Erman/Arruda-Boyce hybrid model in order to accurately describe swollen 
polymers in the large deformation regime [59]. Since this model treats hydrogel as a 
swollen elastomer, it is also called “one phase model”. There are two fundamental 
assumptions in the one phase model,  
1. Different from the Gaussian chain model adopted by Flory which is approximate 
at small to medium deformation, the one phase model adopts “eight-chain” model 
which incorporates a locking stretch for large deformations via Langevin 
statistics. 
2. The deformation gradient can be multiplicatively decomposed into mechanical 
(elastic) and swelling components. The decomposition can be interpreted that the 
hydrogel is first swelling by s  and then subjected to mechanical stretch m . 
The volume of the hydrogel remains unchanged during mechanical deformation. 
With these two assumptions, the constitutive relation is derived as the following: 
1) Chain total energy: 
The eight chain model can be visualized as a cube with eight polymer chains 
connecting the geometrical center of the cube to the corners [60]. During deformation, 
each chain stretches equally to accommodate the shape change. The stretching of the 








I                                                                                                    (2‐1) 
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where 1I , m si i i    is the first invariance, the total stretching, respectively.  
Using Langevin statistics, the total free energy of the hydrogel (with respect to 






W NkT n m   
       
                                                            (2‐2) 
where  1chain chainL m  , ( ) coth 1L      is the Langevin function. Here 
the number of links in the chain ( m ) is included to capture the locking behavior of 
hydrogels at large deformation, that is, the energy of the hydrogel will increase 
dramatically when chain  approaches m .  
2) Effect of swelling: 






W NkT m m   
       
                                                                                (2‐3) 
3) Strain energy of the chain: 
Because the total energy derives from both swelling and mechanical deformation, 
the strain energy function with respect to the swollen state can be written as: 
3 ln - - ln
sinh sinh
chain s
strain s chain chain s s
chain s
W NkT m m m      
              
          (2‐4) 
Swelling stretch not only results in the increase of volume but also leads to the 
polymer network expansion and the material property change (prefactor m ). The 
stress developed in the system is a combination of the polymer network balancing the 
pressure due to swelling and mechanical loading. The stress is determined by 
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differentiating the strain energy with respect to the chain stretch. Therefore, the 






NkT mS P                                                                                                              (2‐5) 
where P  is the additional pressure determined by boundary conditions. 
The major contribution of one phase model includes the effect of polymer chain 
locking and swelling. This model provides more accurate response of hydrogel under 
small to extreme stretching. When the stretching approaches the limiting stretching of 
the polymer chains, the corresponding stress will undergo a sharp increase. This 
behavior will be notable when material is under swollen state where hydrogel is 
already pre-stretched. The higher the swelling ratio, the more pronounced this effect 
will be. With the consideration of these two effects, this model shows better 
prediction of hydrogel under uniaxial/biaxial tension/compression and simple shear 
compared with Gaussian chain theory [59]. Further, this model has been used to 
investigate the swelling/deformation behavior of filled hydrogels and design linear 
spring-like composite actuators as well as coils [61]. 
In the one phase model, the swelling stretch is independent of mechanical 
loading. In reality, the swelling ratio should depend on the mechanical loading. For 
example, when a swollen hydrogel is under uniaxial elongation, the possible 
configurations for polymer chains will decrease compared with the stress-free state, 
leading to an increase of stretching energy. As a result, the mixing energy should 
decrease when the hydrogel reaches a new equilibrium later. Eventually the hydrogel 
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will contract due to the external stress. This volume change due to mechanical loading 
and corresponding water molecule diffusion process are omitted in the one phase 
model. Thus, the one phase model is versatile in predicting large deformation of 
hydrogels in equilibrium states with only a few materials parameters. But it cannot 
capture the transient feature, that is, the coupling of swelling and mechanical loading 
during deformation.  
2.2.2 Multi-phase model 
Distinct from the one phase model which views a hydrogel to be a swollen 
elastomer, multi-phase model considers hydrogel to be a mixture of several phases. 
The hydrogel is visualized to be a charged porous matrix saturated with fluid 
dissolved with ions. The fundamental work of the mixture theory was developed by 
Gibbs who formulated a thermodynamic theory describing the mechanical behavior of 
liquid swollen solid, assuming these two phases are under equilibrium [62]. Later 
Truesdell extended the mixture theory by introducing balance equations of mass, 
momentum and energy to the system [63]. Then Morland used volume fraction 
concept in connection with mixture theory [64]. Mow and co-workers included the 
osmotic effect to the mixture theory and formulated the well-known tri-phasic models 
[65-67]. Below, we briefly describe the key features of the tri-phasic model. 
Assumptions in the tri-phasic model: 
1. The mixture is incompressible, that is, both fluid and solid are incompressible.  
2. No chemical reactions exist between the three phases. 
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3. The inertia effects and body forces are neglected. The process is assumed to be 
isothermal. 
4. The volume fraction of the ions is neglected compared to those of the solid and 
fluid. 
5. The solid matrix is entirely elastic and initially isotropic. No shear stress in the 
fluid phase associated with mixture deformation. 
In the tri-phasic theory, the hydrogel is divided into solid phase (denoted as s ), 
water phase (denoted as w ) and ion phase containing both anion (denoted as -) and 
cation (denoted by +), each phase has a density   and velocity v . Balance 
equations like balance of mass, momentum and energy must be established for each 
phase in consideration of all interactions and external agencies.  
1) The balance of momentum: 
0                                                               (2‐6) 
      0w w s w w wws w wf v v f v v f v v                                                         (2‐7) 
      0s ws wf v v f v v f v v                                                               (2‐8) 
      0s ws wf v v f v v f v v                                                               (2‐9) 
where k , k , and ijf  are the chemical potential for species k , electrochemical 
potential for species k  and frictional coefficient per unit volume between phase 
i and j , respectively.  








                                                                                                                                   (2‐10) 
where i  is the volume fraction of each component i . 
3) The continuity equation: 
  0i i ivt
          ( , , ,i w s   )                                                                                    (2‐11) 
4) Electro-neutrality condition: 
,
0i i f f
i
z c z c
 
                                                                                                                        (2‐12) 
5) Continuity equation of the fixed charge group:  
    0w f w f sc c vt
                                                                                                            (2‐13) 
where ic  and iz  are the molar concentration and charges of phase i , respectively.  
6) Constitutive equation 
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                                                                                        (2‐14) 
where P , I , e , s  and s  are the pressure, identity tensor, strain tensor, 
Lame constant and the shear modulus, respectively.  , iM , i  , F and   are 
osmotic coefficient, molecular weight, activity of i  component, Faraday constant 
and the electric potential, respectively. 
The multi-phase theory considers hydrogel as a mixture of four components 
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including: water, polymer matrix, anion and cation. It is formulated by considering the 
interaction between each phase. This model could predict the transient and 
equilibrium behavior of hydrogels with/without charge under any solvent condition 
and electric stimulus. This model has already been used to investigate the swelling, 
shrinking, and bending behavior of electric-stimulus-responsive hydrogel subjected to 
external electric field [68]. Since the composition of hydrogel is similar to the 
hydrated tissue, this model is also used to study the response of soft tissue under 
compression and indentation [69, 70]. Lai and co-workers applied the model to study 
the electric potentials inside a charged soft hydrated biological tissue [71]. Both 
streaming potential, originates from movement of ions convected by fluids, and 
diffusion potential, caused by ions diffusion from high concentration to low 
concentration, contribute to the electric potential of a hydrated tissue. However, the 
porous polymer matrix follows a linear elastic constitutive relation. This assumption 
constrains the model to be only applicable to hydrogels with small volume change. 
Besides, the model does not consider the change of material properties during the 
volume transition process, leading to inaccuracy in large deformation region. 
2.2.3 Transport model 
In transport model, hydrogel volume transition is diffusion-driven. The solvent 
and ion diffusion controls the osmotic pressure, the stress states and the swelling 
behavior of the hydrogels. Wallmerperger and coworkers formulated a model that 
couples chemical, electrical and mechanical field for ionic hydrogels [72, 73]. This 
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model includes Nernst-Planck equation, Poisson equation and mechanical equilibrium 
equations to describe the multi-physical behavior of hydrogel.  




k k k k k k
c cD z z c
x x x x
                                                                                       (2‐15) 
where kD  and k  are the diffusivity and mobility of k  species, kc and kz  are 
the concentration and valency of k ionic species. 1,2,3...k N  describes the 
species present in the solution.   is the electrical potential. 
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                                                                                                        (2‐16) 
where F  is the Faraday constant, 0  the dielectric constant,   relative 
dielectric constant of the solvent, fz  and fc  the valency and the concentration of 
fixed charges on ionic hydrogels. 
3) Mechanical equilibrium : 
0                                                                                                                                            (2‐17) 
where   is the stress tensor. 
Through solving above three coupled equations, the swelling and deformation 
behavior of hydrogel can be obtained. This model simplifies the interactions in 
hydrogel systems and is capable of predicting both transient and equilibrium phase 
transition behavior of ionic hydrogels. This model has been used to predict the electric 
potential, ions concentration and osmotic pressure with ionic hydrogel under 
multi-stimuli. The transport model also explains the bending behavior of the ionic 
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hydrogels under electric stimulus [72]. On the anode side of the hydrogel a higher 
negativity was induced which is classified as “hyperpolarisation”, whereas on the 
cathode side, the opposite effect was recorded in the sense of a “depolarization”. The 
changes in the spatial distribution of the ions inside and outside the hydrogels lead to 
the alternations in the potential. The potential gradient will affect swelling and 
deswelling of the hydrogels and eventually result in a bending movement of hydrogel 
specimen. The exact electric potential and swelling ratio within the hydrogel and at 
the hydrogel/solvent interface can be calculated by numerically solving previous 
equations. However, this transport model neglects the interaction between polymer 
and water which may also contribute to swelling. Thus this model can only be applied 
for certain hydrogels where swelling mainly depends on ionic diffusion. Whereas for 
neutral hydrogels or ionic hydrogels where swelling results from the hydrophilicity of 
the polymer, this model may not be able to give accurate prediction.  
2.2.4 Thermodynamics model 
Following the field theory by Biot and Gibbs, Suo and coworkers formulated a 
hydrogel theory that couples large deformation and diffusion [62, 74-76]. When 
hydrogel is immersed in water, small molecules immerse into the polymer network 
causing the expansion of the polymer chains. This theory assumes that there are two 
modes of deformation within the hydrogel system. The first mode, that is, the short 
term mode, results from local rearrangements of water molecules. This mode is 
accompanied by rearrangement of polymer chains. The time scale of this mode is 
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material size independent. Whereas the second mode, namely the long term mode, is 
caused by the migration of water molecules into polymer matrix. This mode is 
governed by diffusion and is sample size dependent. Both modes lead to the shape 
and volume change of the hydrogel. Since the first mode which corresponds to 
polymer chain rearrangement is much faster than the second diffusion dominating 
mode, it is assumed that the first mode is instantaneous whereas the second mode is 
time dependent. The detailed theory can be derived by the following laws of  
thermodynamics and kinetics laws. 
1) Thermodynamics: 
When a neutral hydrogel maintains equilibrium in water and is subjected to 
external loading, three kinds of energy contribute to the thermodynamic system, 
namely, the free energy of the hydrogel, the mechanical work done by the loading, 
and the potential due to solvent migration. The free energy of the hydrogel is taken to 
be a function of deformation gradient and nominal concentration. The free energy 
density change can be written [77]: 
     , ,, iK
iK
W F C W F C
W F C F C
F C
                                                                        (2‐18) 
where C  is the nominal water concentration and iKF  is the deformation 
gradient defined as: 
 1 2 3, , ,i
iK
K
x X X X t
F
X
                                                                                                              (2‐19) 
where KX  denote the coordinates of material point in the reference 
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configuration while  1 2 3, , ,ix X X X t  specify the coordinates of that point in the 
deformed configuration. In terms of principal stretches 1 , 2  and 3 , 
2 2 2
1 2 3iK iKF F       and   1 2 3det iKF    . The deformation gradient is used to 
characterize the state of deformation of a point in the hydrogel. 
The mechanical work done by external loading can be written in terms of body 
force ( iB ) and surface tension ( iT ): 
i
iK i i i i
K
dV B dV T dA
X
                                                                                               (2‐20) 
where i  can be any test function. 
It is assumed that the number of small molecules per unit time ejected into a 
volume element of hydrogel is  ,r X t dV  and into an interface element is 
 ,i X t dA . The small molecules also migrate in the hydrogel. Let  ,K KJ X t N dA  be 
the number of small molecules per unit time crossing an element of area, and 
 ,C X t dV  be the number of small molecules in a volume element. The 
conservation of small molecules gives: 
K
K
C dV J dV r dV i dA
t X
                                                                                (2‐21) 
The total free energy of the system, G , is a sum of the free energy of the gel, 
the potential energy due to mechanical loading and chemical loadings. Thus with 
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Thermodynamics law requires the free energy change of the system should never 
increase, that is, 
0G
t
                                                                                                                                            (2‐23) 
When hydrogel remains equilibrium, namely, 0G t   , the integrands in Eq. 
(2-22) vanish, giving the stress states iKs , the chemical potential of the hydrogel  , 





                                                                                                                           (2‐24) 
 ,W F C
C
                                                                                                                               (2‐25) 
   ,,K KL
L
X t
J M F C
X
                                                                                                       (2‐26) 
where KLM  is a symmetric and positive definite mobility tensor. It is a function 
of deformation gradient and concentration. 
2) Molecular Incompressibility 
It is assumed that the individual polymer and water molecules are incompressible, 
that is, the volume of the hydrogel is the sum of individual water molecule volume ( v ) 
and dry polymer volume.  
1 det( )vC F                                                                                                                            (2‐27) 
This molecular incompressibility is enforced as a constraint to the free energy of 
the system through adding   1 detvC F dV    to Eq. (2-22), where  ,X t  
is a field of Lagrange multiplier, representing the osmotic pressure. For homogeneous 
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free swelling, that is, 1 2 3= =     and 1 2 3= = 0s s s  , the osmotic pressure 
 31 1NkT     . As expected, the osmotic pressure is zero when the hydrogel is 
in dry state where 1  .  
Then the energy of hydrogels can be explicitly written in Flory-Rehner form, that 
is, 
    2 2 21 2 3 1 2 31 1, 3 2ln ln 12 1kTW F C NkT vCv vC vC                     
(2‐28) 
Inserting Eq. (2-27) and (2-28) into (2-24) and (2-25), the explicit form of 
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           
                                                                (2‐30) 
Eq. (2-29) and (2-30) constitute the state for modeling the hydrogel.   can be 
obtained from specific initial/ boundary conditions. 
3) Kinetics law: 
The kinetics law governs the small molecules diffuse in the hydrogel. The 
coefficient of diffusion of the solvent molecule, D , is isotropic and independent of 
the deformation gradient F  and the concentration C . This simplification is 
reasonable for a swollen hydrogel, in which the water molecules are the majority 
component. With the molecular incompressibility, the flux related to the chemical 
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potential gives the mobility tensor: 
 det 1KL iK iLDM H H FvkT                                                                                                (2‐31) 
where iKH  is the transpose inverse of the deformation gradient, that is, 
iK iL KLH F   (  is Kronecker delta). 
The thermodynamic model that includes both thermodynamics and kinetics can 
predict the equilibrium and transient behavior of hydrogels subjected to external 
mechanical/chemical loading. This model has been applied to study inhomogeneous 
swelling of hydrogel containing a hard core [78]. When swelling equilibrium is 
reached, the distribution of water concentration and the stress can be calculated. It is 
shown that, near the core-hydrogel boundary, the water concentration dramatically 
decrease while the stress increases sharply. Swelling induced bifurcation was also 
investigated by the thermodynamics model [79]. A square lattice of cylindrical holes 
was fabricated in a layer of hydrogel. When the hydrogel layer was bonded to 
substrate and subjected to swelling, the substrate constrained the expansion of thin 
layer. Each cylindrical hole collapsed into a slit and the square lattice broke the 
symmetry and bifurcated into slits of alternating directions. The numerical simulation 
results using the thermodynamic model agreed well with the experimental observation 
[36]. Furthermore, the thermodynamic model was implemented to capture the 
transient behavior of hydrogel [80], and FEM simulation of a thin hydrogel film 
undergoing free swelling was studied. During free swelling, compressive stress was 
generated and led to the thin structure buckling. Crease patterns with a well defined 
wave length were predicted on the surface of swollen hydrogels. The simulation 
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results agreed well with Tanaka’s experimental findings [34]. These FEM results have 
revealed important insights like the water concentration change during buckling and 
post buckling. 
The theoretical framework of the thermodynamic model is open, allowing any 
energy form of hydrogel to be inserted. Thus it can be applied for a wide range of 
hydrogels whose free energy form is known. But for certain physically crosslinked 
hydrogels, the explicit form of free energy is not well defined. Thus the 
thermodynamic theory may not be applicable to those hydrogels. Regarding kinetics 
laws, the model assumes that self diffusion of water molecules dominates the kinetic 
process. This assumption may fail if macroscopic flow or convection of solvent 
molecules prevails in the hydrogels. Generally, the framework of the thermodynamics 
model is sound, and the model is able to accurately predict the deformation of certain 
hydrogels. However, the exact energy form and kinetic laws that govern the nature of 
the specific material should be examined case by case. 
It is clear that each of these models has its certain advantages and disadvantages, 
and is able to capture certain features of hydrogels. For example, the one phase model 
can describe the chain locking behavior well; and the transport model can predict the 
electrical potential distribution within hydrogels. Since hydrogel is a complex 
material and its deformation is a complicated process, it is not possible that all the 
features can be captured by a single model. Hence it is important to apply an 
appropriate model to capture the most relevant features.  
As discussed in Chapter 1, the objectives of present work are to investigate the 
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mechanical instabilities and the shape evolution of hydrogel structures. Hydrogel as a 
material has imbedded non-linearities. For example, when hydrogel undergoes a large 
shape change, geometry non-linearity came into the picture, making the problem more 
complex. The one phase model that only focuses on the limiting behavior of hydrogel 
materials cannot capture the coupling behavior of swelling and deformation. This 
model assumes no volume change during mechanical deformation which prevents its 
use in volume change-induced mechanical instabilities. As for the multiphase model 
and transport model, there are two limitations: Firstly, the mechanical equilibrium is 
characterized by a linear elastic constitutive equation which is only suitable to study 
hydrogel under small deformation. Secondly, these two models introduced water/ions 
diffusion to the already complex system, which may cause convergence problem for 
numerical implementation. The thermodynamic model is able to capture both swelling 
and large deformations.  In this model, the diffusion is considered transient for 
hydrogel structures under equilibrium state. This method has been used by several 
groups to study the mechanical response of hydrogels. For example, Jiang and 
co-workers used the thermodynamic model to investigate the swelling behavior of 
strip hydrogel consisting of a thin strip of soft hydrogel bonded to another thin strip of 
stiff hydrogel [80]. During swelling, the stiff hydrogel constrained the expansion of 
the soft hydrogel. As a consequence,  compressive residual stress is generated in the 
system. Once a critical stress was reached, the soft hydrogel buckled and formed 
periodic wavy shapes. The thermodynamic model not only predicted the swelling 
ratio and stress at the onset of buckling, but also revealed the buckling and 
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post-buckling shapes of the hydrogels. Thus the thermodynamic model is a reliable 
and versatile model to study the mechanical instabilities of hydrogel structures. It will 
be used for the hydrogel modeling throughout the present thesis. 
2.3 Model implementation 
1) The free energy 
The system under investigation consists of the hydrogel, solvents and external 
mechanical loadings. Following the pioneer work of Flory and thermodynamic model 
extended by Suo et al [17, 18], three kinds of energy within the system are introduced 
to govern the volume and shape evolution of the hydrogels. They are mechanical 
work due to external loading, chemical potential of the solvent molecules, and the free 
energy of the hydrogel itself. As discussed previously, the free energy of the hydrogel 
(  ,W F C ) is a function of deformation gradient ( F ) and water concentration (C ).  
Since the solvent chemical potential ( ) can be written as: 
 ,iKW F C
C
                                                                                                                             (2‐32)   
which is a work-conjugate of water concentration in the hydrogel, it can be taken 
as an independent variable in the free energy function [79, 81]. Then a Legendre 
transformation is applied to  ,iKW F C  using 
   * , ,iK iKW F C W F C C                                                                                                  (2‐33) 
The total free energy of the system with respect to the dry state can be written as 
a function of deformation gradient and solvent chemical potential [79, 81, 82] 
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     * 1( , ) 3 2log 1 log 1
2 1
kT JW F NkT I J J J
v J J
  
                       (2‐34) 
where N , k , T , J， I ，  and v  denote the density of elastically active 
strands, Boltzmann constant, temperature, the first strain invariant, volumetric strain, 
Flory-Huggins interaction parameter, and the volume per solvent molecule, 
respectively. 
Similarly, the free energy with respect to any swollen state (swelling strain is 0 ) 
can be written, 
3 *
0'( , ) ( , )W F W F                                                                                                             (2‐35) 
      3 2 3 3 30 0 0 0 03 6
0 0
''( , ) ' 3 2log ' ' log
2 ' '
kT JW F NkT I J J J
v J J
        

           
                                                                                                                                                          (2‐36) 
where ' ' 'iK iKI F F  and ' det 'J F . 0'iK iK iKF F    denotes the 
deformation gradient at swollen states. iK  is the Kronecker delta. 
2) The stress states 
It is assumed that the diffusion of water molecule within the hydrogel thin shells 
is so fast that the chemical potential in the structure is homogeneous. The assumption 
is reasonable for thin shell structures where their small thickness allows the diffusion 
time to be negligible. Hence the chemical potential is treated like temperature as a 
loading parameter. The initial chemical potential and swelling ratio can be prescribed 
with the swelling equilibrium condition satisfied. Then the chemical potential is tuned 
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            
                                                              (2‐37) 
The nominal stress s  (with respect to the dry state) can be derived by 
differentiating the total free energy with respect to the deformation gradient,  
  1log 1 1iK iK iK iKNv F H J J HkT J J kTv
                                                       (2‐38) 
where H  is the transpose inverse of deformation gradient F .  




                                                                                                                                      (2‐39) 
The true stress and its variation with respect to the current state in terms of a 
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  is the deviatoric stretch matrix. The first term of the 
material Jacobian matrix comes from the elastic energy (same as Neo-Hookean 
material) whereas the second term comes from mixing energy. 
3) Implementation  
The nonlinear constitutive behavior of hydrogel can be implemented as a user 
defined material in a standard finite element package Abaqus. Generally, Abaqus 
offers two ways to implement the constitutive relations, with the user subroutine 
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Uhyper or Umat (Vumat for dynamic analysis). The user subroutine Uhyper is used to 
define the strain energy potential for isotropic hyperelastic material behavior. This 
subroutine requires that the values of the derivatives of the strain energy density 
function of the material must be defined with respect to the strain invariants [83]. 
Uhyper can be implemented with Eq. (3-5) and its differentiation with respect to 1 'I  
and 'J . Compared with Uhyper, Umat is more general to define any user specific 
mechanical constitutive behavior of materials. In the implementation of Umat, the 
true stress (Eq. (3-9)) and the material Jacobian matrix (Eq. (3-10)) must be provided. 
The states of the hydrogel are prescribed through above formulas. For a hydrogel with 
a given composition, crosslink density and Flory-Huggins interaction parameter, the 
stress field and deformation response can be defined accordingly. Hence the 
morphological evolution of the hydrogel with any initial shape under any external 
loadings and boundary conditions can be predicted numerically. 
4) Parameters  
In the present work, the following values of the system parameters are chosen: A 
representative value of the volume per molecule is 28 310v m . At room temperature, 
214 10kT J  . The Flory-Rehner free-energy function introduces two dimensionless 
material parameters: Nv  and  . In the absence of solvent molecules, the 
cross-linked polymers have a shear modulus NkT  under the small-deformation 
conditions, with the representative values 4 7 210 ~ 10NkT N m . The parameter   
is a dimensionless measure of the enthalpy of mixing, with representative values  = 
0 ~ 1.2. For the applications that prefer gels with large swelling ratios, materials with 
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low   values are chosen.   
2.4 Instability investigations 
2.4.1 Introduction  
It is both interesting and challenging to investigate the unstable phenomena and 
pattern formation/evolution in hydrogels. During the volume transition process, large 
residual stress/strain may be generated due to the constraint from boundary conditions 
and the inhomogeneity of material properties, solvent distribution and mechanical 
loadings. The stress/strain may lead to mechanical instability of hydrogel structures, 
like creasing, snapping, buckling and wrinkling. Subsequently nontrivial patterns are 
formed.  
As seen from previous review of hydrogel models, hydrogel as a material 
exhibits intrinsic nonlinearity, diffusion, and inhomogeneity behavior. The 
multi-physical system itself is complex and intriguing. Mechanical instability is one 
of the most difficult topics in modern mechanics. This is especially true since the 
mechanical instability of hydrogel structures involves both material and geometry 
nonlinearities, which preclude analytical solutions. We seek numerical results based 
on Finite Element Methods (FEM). 
2.4.2 FEM approach 
Simulating the instable phenomena of hydrogel generally requires a nonlinear 
solution method and a fully dynamic, transient analysis (or at least a pseudo-dynamic 
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simulation). The main non-linear solution method in the software Abaqus is the fully 
implicit Newton-Raphson method [83]. The solution is usually obtained incrementally 
by solving a sequence of non-linear equilibrium equations with increasing load or 
displacement. Another method for solving post-buckling snap-through problems in 
Abaqus is the arc-length method, also known as the modified Riks method. In this 
approach, a series of equilibrium states are sought in the space defined by the nodal 
displacement parameters and the loading parameter. However, the Riks method may 
fail when the instability is highly localized like surface wrinkling and bifurcation. 
Thus the Newton-Raphson method will be used to capture the localized unstable 
phenomena. 
The general procedure for modeling and simulation of mechanical instability 
includes model construction, pre-buckling analysis, geometry imperfection 
introduction, and post buckling analysis. These four parts are detailed as follow: 
1) Model construction 
First, we construct the geometry of the hydrogel structure, and then seed 
elements that can capture the feature of the structure. Usually, the thin membrane is 
likely to lose stability upon loading. Thus shell element is most appropriate for thin 
structures. In Abaqus element library, two groups of shell element are available, that is, 
small strain element and finite strain element. Small strain shell elements that have 
five degree of freedom, e.g. S4R5, S8R, and S9R5, are provided for problems with 
small membrane strain and large rotation. Finite strain element which contains six 
degree of freedom, e.g. S4, S4R, S3, and S3R, are suitable for cases with large 
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deformation. Thus finite strain shell elements are chosen for modeling hydrogel. The 
bending stiffness of a shell plays a key role in determining the shape of the buckled 
structure. For hydrogel structures, it is calculated with the shear modulus and 
thickness. The accuracy of the calculation results can be ascertained through a mesh 
refinement study. After meshing the geometry, we assign material parameters in the 
thermodynamic model to the hydrogel domain. It should be noted that the initial 
conditions and boundary conditions are important in controlling the 
swelling/shrinking ratio of hydrogels. For example, if a hydrogel maintains 
equilibrium with an external solvent, the chemical potential of the hydrogel surfaces 
should be enforced to be the same as the surrounding solvent.  
2) Pre-buckling analysis 
An eigenvalue buckling analysis in Abaqus is used to predict the buckling load 
and possible buckling modes of the structure subjected to external boundary 
conditions and loadings. The eigenvalue buckling step is defined by the *Buckle 
command in Abaqus. The buckling command may be set to predict eigenvalues using 
two different methods of calculations, Lanczos or subspace. Generally the Lanczos 
eigensolver is faster when a large number of eigenmodes are required from a structure 
with many degrees of freedom. The subspace eigensolver can be faster for a smaller 
system. Both methods may be used for different steps in the same analysis. The 
Lanczos solver can be set to predict eigenvalues within prescribed upper and lower 
limits. The subspace method does not offer the flexibility to define a lower limit. The 
Lanczos eigensolver cannot be used in cases where the stiffness matrix is indefinite, 
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for example, a model is preloaded above the buckling load.  
3) Geometry imperfection introduction 
The post buckling problem cannot be analyzed directly due to the discontinuous 
response at the onset of buckling. To analyze a post buckling problem, a bifurcation 
case must be turned into a problem with continuous response. This effect can be 
accomplished by introducing an initial imperfection into a “perfect” structure so that 
there is some response in the buckling mode before the critical buckling load is 
reached. Two kinds of geometry imperfection can be applied to perturb the system. 
The simplest way is to add some random perturbation to the structure. Another way is 
to introduce the eigenmode shapes as imperfection. Usually, the linear combination of 
a few eigenmodes corresponding to the lowest eigenvalues is chosen to perturb the 
system. In this way, the post buckling analysis can be guided to follow desired paths. 
The amplitude of the perturbation is usually below 10% of the smallest dimension of 
the structure. 
4) Post buckling analysis 
A geometrically non-linear (*Nlgeom) incremental analysis is carried out using 
the Newton-Raphson solution method. Specifically, *Stabilize mechanism is used to 
capture the mechanical instabilities. This option automatically introduces 
pseudo-inertia and pseudo-viscous forces at all nodes when instability is detected, and 
simulates a possible dynamic response of the structure as it snaps in order to obtain 
the first static equilibrium state after snapping has occurred. After that, instead of 
continuing with the quasi-static analysis, Abaqus automatically switches to a dynamic 
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integration of the equations of motion for the structure, thus reducing the possibility 
of numerical errors.  
Introducing a damping factor (the dissipated energy fraction) should be included 
in *Stabilize option. In many cases, the amount of damping may actually be rather 
large, which may affect the solution in ways that are not desirable. Therefore, the 
calculated viscous energy must be compared with the total strain energy to make sure 
that the viscous forces do not dominate the solution (usually less than 5% of the total 
strain energy). To achieve good accuracy, it is generally desirable to set this parameter 
to the lowest possible value for which convergence can still be achieved (e.g. 1e-5). 
This parameter can be adjusted almost continuously, according to the level of 
difficulty of converging to a solution, by using the *RESTART option. This approach 
allows the numerical damping to be made very small initially to minimize the 
deviation between the computed equilibrium path and the actual path, and to be 
increased only when necessary.  
This method has been used to study the bifurcation of circular cylindrical shells 
upon pure bending [84]. FEM simulation was used to capture the post buckling 
multi-facet shapes consisting of vertices. The vertices are connected by approximately 
straight ridges. The number of vertices depends on the thickness of the shell and 
loading condition. The *Stabilize mechanism was also used to investigate the 
formation of wrinkling in thin sheets [85]. The wavelength and the amplitude of the 
wrinkling shapes predicted by this method agree well with the theory and experiment 
observations. The *Stabilize mechanism shows robustness in solving nonlinear 
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instability problems. This method will be used throughout the thesis to investigate the 
mechanical instability of hydrogel-based structures, and to simulate the pattern 





Chapter 3: Hydrogel microlenses under 
concentrated loadings 
3.1 Introduction 
Hydrogels with natural curvatures like contact lens are commonly encountered in 
daily life. However, the mechanical instability-based shaping mechanisms for curved 
hydrogel microlenses have not been fully understood. In this chapter, concentrated 
loading as the triggering factor for the pattern formation and evolution of hydrogel 
microlenses will be discussed. Generally, hydrogels maintain equilibrium through 
balancing the internal and external osmotic pressure. The solvent chemical potential, 
external loadings and boundary conditions can remarkably influence the swelling of 
hydrogels, and further affect the deformed configuration of hydrogel structures. 
It should be noted that the mechanical instabilities of elastic thin shell structures 
under concentrated loading has been studied for a while [86-89]. Fitch showed that 
shallow elastic caps might lose stability by snapping under concentrated loadings at 
the apexes [88]. Bushnell mathematically proved that clamped shells could bifurcate 
into nonsymmetrical states when a critical stress was obtained at the centers [89]. 
Most of these theoretical studies primarily focused on the effect of the initial 
thickness vs. curvature ratios on the stability mechanisms. Recently the transition of 
post-buckling patterns of thin shells has attracted great attention. For example, Vaziri 
and Mahadevan showed that the patterns of an elastic thin shell induced by instability 
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upon a point indentation could lead to a series of pattern transitions with well-defined 
polygonal shapes [90]. Forterre et al. studied the fast closure of the Venus flytrap leaf 
and found that the closure resulted from a snap-buckling instability [39]. 
Hydrogel microlenses differ from elastic thin shell in that the constitutive 
relation of hydrogels is intrinsically nonlinear, involving two key features: swelling 
and hyperelasticity [11]. From the hyperelasticity point of view, the material 
nonlinearity may play an important role at relatively large deformation. From the 
aspect of swelling, it may significantly influence the volume and shape of the 
hydrogels. Especially when the hydrogels are scaled down to micrometer scale 
systems where the diffusion rate is comparable with the loading rate, they are not 
hindered from slow response. Hence the resulting rapid thickness change may lead to 
unique behavior. Thus it is both scientifically interesting and technologically 
important to understand the mechanical behavior of hydrogel microlenses under 
varied loading conditions, and compare it with its elastic thin shell counterpart. 
In this chapter, the thermodynamic hydrogel model is employed to capture 
equilibrium response of hydrogels under varied external loadings and boundary 
constraints. The hydrogel microlenses are subjected to different concentrated 
mechanical loadings. The cap-shaped hydrogel is clamped at its bottom edge and 
maintains equilibrium with surrounding water. The hydrogel microlenses are 
deformed under a concentrated loading at centers. The deformation pathways of 
hydrogel microlenses are systematically investigated by varying the height span ratios, 
surrounding chemical potential and loading directions. The finite element simulations 
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uncover a series of rich patterns for deformed hydrogels arising from different 
instability mechanisms. This work sheds light on the shaping and fabrication of smart 
hydrogel surfaces that have controllable focal properties. 
3.2 Hydrogel model and numerical simulation 
A three-node shell element model was formulated by using Abaqus. No initial 
geometry imperfections were included in all the numerical simulations. The accuracy 
of the mesh was ascertained through a mesh refinement study. In order to capture the 
local instabilities during deformation, a stabilizing mechanism based on energy 
dissipation was employed in all calculations. The material parameters were chosen to 
be a typical hydrogel [77, 78]. The Flory-Huggins interaction parameter   was 
fixed to be 0.5. The density of elastically active strands N was 1025. Since it was 
assumed the hydrogel layer maintaining equilibrium during deformation, the chemical 
potential of surrounding solvents   remained at zero. In terms of initial geometry as 
shown in Figure 3-1, the thickness curvature ratios  t r
 
were chosen to be 0.005. 
Three kinds of point loadings with different orientations at the apex were 
systematically studied. We restricted our simulations on the effect of the initial height 
span ratio  R H  on the morphologies evolution of the hydrogel and on the failure 
mechanisms. The vertical deflection ( d ) is normalized by the height of the spherical 
cap ( H ), the lateral deflection ( d ) by the span of the spherical cap ( R ), and the 
loadings by the initial stiffness multiplied with characteristic area ( 2t ). The initial 
stiffness is defined as 03Nv  ，where 3Nv  gives the normalized Young’s modulus 
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Figure 3‐1. Schematic plot of clamped hydrogel microlenses with a height span ratio  H R  
subjected to a concentrated point loading at its center. The curvature and thickness are  r   and 
t , respectively. Three kinds of concentrated loading are applied to the apex, that is, vertical 
outward, vertical inward and lateral. 
Figure 3-1 shows schematic of our simulation model and geometry. It is expected 
that the morphologic evolution of hydrogels depends strongly on both initial 
geometries and loading conditions. We systematically perform parametric studies for 
the following three loading cases: vertical inward indentation with surrounding 
chemical potential either fixed or varied, vertical outward indentation, and lateral 
indentation at the hydrogel microlenses centers (Figure 3-1). We vary the initial height 
span ratio H R  for each loading case and classify our results into different 
representative scenarios. We also compare our numerical simulations with the classic 
linear elastic shell theory, and examine the suitability of using the classic shell theory 
to describe the instability conditions of hydrogel microlenses.  
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3.3.1 Vertical inward indentation 
As shown in Figure 3-2, our numerical results generally reveal three scenarios by 
varying height span ratio H R  of the hydrogel microlenses. 
1)  For a large height span ratio H R  
The hydrogel microlenses with large height span ratios H R  undergo a series 
of transformations with well-defined polyhedral faceted patterns during indentation as 
shown in Figure 3-2A ( 0.3H R ). The hydrogel microlenses first flatten, while 
maintaining an axisymmetric shape before a critical indentation depth of 0.78d H   
is reached (inset a in Figure 3-2A). After the critical indentation depth, the hydrogel 
microlenses undergo non-axisymmetric deformation transformation: the axisymmetric 
circular pattern bifurcates into a three-fold symmetric pattern (inset b in Figure 3-2A). 
The corresponding loading shows a small drop of approximately 5%. Meanwhile the 
apparent stiffness of the hydrogel drops about 32%, which is consistent with Fitch’s 
analytical prediction of 30% for post-buckling of a thin elastic shell [21]. With further 
indentation to 1.487d H  , one of the three vertices bifurcates into two vertices and 
the four-fold symmetric pattern forms (inset c in Figure 3-2A). The loading and 
apparent stiffness drop approximately 7% and 8.43%, respectively. After these two 
metastable states, the hydrogel microlenses further evolve into multi-faceted shapes 
with five vertices (inset d in Figure 3-2A), six vertices and eventually invert its shape 
(inset e in Figure 3-2A). The huge load drop at 1.79d H   is accompanied by the 
simultaneous formation of six vertices and the inversion of its curvature.  
For a large height span ratio ( 0.3H R ), the instability-induced pattern 
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transition of the hydrogel microlenses is qualitatively similar to that of the elastic thin 
shell studied by Vaziri and Mahadevan [90]. In their study, a series of transformations 
including axisymmetric, three-fold, four-fold, five-fold and six-fold shapes were 
observed. Hence it may be assumed that for the cases with a large height span ratio, 
the instability patterns and their transformations are intrinsic to the thin shell 
structures, irrelevant of materials nonlinearity.  
Quantitatively, at the early stage of deformation, that is, in the axisymmetric 
stage, the hydrogel constitutive relation can be approximated as linear elastic. Thus it 
is possible to estimate the energy corresponding to stretching and the energy 
corresponding to bending. If the Young’s modulus is E , it was shown that the 
bending energy scales with 423 / RdEt  and the stretching energy scales with 
44 / REtd  [91]. Thus the stretching energy is dominant for a large deflection and the 
bending energy is dominant for a thick shell. For the present hydrogel microlenses, 
the stretching plays an important role due to its small thickness. Under point loading 
on the surface of the shell, the total bending energy is of the order 223 /dEt  and the 
stretching energy is of the order of 222 / rEtd  , where   is the dimension of the 
bending deformation zone near the point loading. It is seen that when   increases, 
the stretching energy increases while the bending energy decreases. Thus at the large 
loading level, the bending deformation becomes energetically more favorable since 
the elastic free energy due to bending stored in the system is much lower than its 
stretching energy counterpart. Therefore it is energetically more favorable to form the 
bended multi-faceted shape rather than axisymmetrically stretching the whole surface. 
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For the deformation of a linear elastic thin shell within axisymmetric stage, the 
loading was found to be proportional to square root of the indentation depth: 
rtdEtF // 2  . We use this relation to fit our simulation result and find: 
2/ 0.42 /F Et td r . The fitting curve (the dashed line in Figure 3-2A) is in good 
agreement with the finite element result at the early stage. However, the analytical 
solution showed a large deviation from the numerical simulation at a large indentation 







Figure 3‐2. (A) Load‐indentation response of hydrogel microlenses with  0.3H R . A series of 
pattern transformations from axisymmetric to polyhedral shapes with 3, 4, 5, 6 vertices are 
shown in the insets. The loading is characterized with a drop whenever a pattern transformation 









2) For intermediate height span ratio H R  
Similar to previous case, the hydrogel microlenses with intermediate height span 
ratio ( 0.2H R ) also exhibit a pattern transformation, ranging from an axisymmetric 
shape (inset a in Figure 3-2B) to a non-axisymmetric configuration. However, the 
difference for this evolution lies in its starting pattern in the sequence of the evolution 
patterns. Specifically, the initial non-axisymmetrically deformed shape is 
characterized by four vertices (inset b in Figure 3-2B), which is different from three 
vertices in previous case. Furthermore, this non-axisymmetric deflection emerges at 
much larger indentation depth ( 1.6d H  ) compared with previous case 
( 0.75d H  ). As discussed above, generally it is energetically more favorable to 
bend rather than to stretch a thin shell. The hydrogel with a larger curvature should 
experience a bifurcation at a smaller indentation depth in order to minimize the stretch 
energy. Similar to the cases with a large H R , the instabilities corresponding to 
indentation response are also characterized by multi-jumps, for example, the load 
drops around 4% when the four-fold symmetric pattern occurs. Subsequently, the 
five-fold symmetric shape (inset c in Figure 3-2B) occurs rapidly after four-fold 
symmetric shape, and then followed by inverting the hydrogel shell curvature.  
The initial non-axisymmetrically deformed shape starting with five vertices (not 
shown) is also observed. That non-axisymmetric deflection emerging at a much larger 
indentation depth compared with previous cases. Hence with a decrease in apex 
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height ( H ), a higher number of symmetry seems energetically more favorable for an 
axisymmetric to non-axisymmetric transition. These results agree well with the 
experimental observations for thin elastic shell [92, 93], in which similar scenarios of 
buckling modes, that is, the initial asymmetric bifurcation with three-fold, four-fold 
and five-fold symmetry, were reported for the clamped elastic caps subjected to 
concentrated loadings at the apex. 
3) For small height span ratio H R  
The hydrogel with a small curvature ( 0.1H R ) undergoes snap instability upon 
indentation. There is no apparent non-axisymmetrically-deformed shape observed 
during this indentation. The deformed shape is characterized by the axial curvature 
evolution (inset curves a, b, c, d in Figure 3-2C). At a small indentation depth, the 
central hydrogel exhibits concave curvature while the edge hydrogel shows convex 
(curve a in the inset in Figure 3-2C). When deformation reaches a critical point, the 
hydrogel at the center and the edge rapidly switches the original curvatures, leading to 
a snap-through instability (curve d in the inset of Figure 3-2C). Accompanying the 
snapping, there is a large load drop. 
Fitch predicted that the transition of initial axisymmetric pattern to more 
complex ones for an elastic thin shell is controlled by a geometrical characteristic 
parameter  1 12 4 22 3(1 )v H t     , where v  is the Poisson’s ratio (approximately 
0.5 for hydrogels) [88]. It was concluded that when   is greater than 9.2, the 
deflection of a clamped spherical cap under point loading will become 
non-axisymmetric at a load below the critical load of axisymmetric snap-through. 
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Depending on the value of  , the initial appearance of non-axisymmetric would be 
characterized by patterns with three ( >13.5), four (9.9< <13.5), and five 
(9.2<<9.9) circumferential waves. In our numerical simulations, we obtained   is 
14.077 for three-fold, 9.677 for four-fold, and 4.8747 for snaps-through, respectively, 
for the previous three cases. It is noted that there is a minor difference for the second 
case, possibly caused by the materials and geometry nonlinearities.  Hence the linear 
elastic thin shell theory is able to qualitatively, but fails to quantitatively predict the 
critical condition for the hydrogel asymmetric buckling modes. 










Current implementation assumes that the water diffusion is fast so that the 
hydrogel microlenses maintain equilibrium with water during indentation. This 
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assumption can be justified by the following reasons. 1) It can be seen from Figure 
3-3A that the hydrogel volume change for microlenses with height span ratio 
0.3H R   in response to the indentation is negligible even at the bifurcation points. 
Taking the largest volume drop (point d) for example, the volume drops only about 
0.2% from the initial volume. This minor volume change incurs insignificant effect on 
the unstable modes of deformed hydrogel microlenses. 2) It is known that the 
diffusion time is scaled with 2t D , where D  is the diffusion coefficient, and the 
diffusion coefficients D  of biological molecules normally range from 10-11 to 10-10 
m2/s. If the thickness of hydrogel microlenses are of the micro-meter scale (which is 
the case for most of the microlenses), that is, 1t m  , the diffusion time is less than 
0.1s. With smaller thickness, the volume transition can be even faster. Holmes group 
investigated snapping hydrogel microlenses (t~15 to 60 m ) using solvent swelling. 
They experimentally found that the transition time is around 30ms [30]. Both the 
scaling and experimental observation suggest that it is reasonable to assume that the 
water diffusion does not markedly affect the deformation patterns during the 
indentation process. 
It should be emphasized that the swelling of hydrogel microlenses is sensitively 
controlled by the chemical potential of the surrounding water. As a consequence, we 
can achieve preferred shapes or eliminate undesired shapes by slightly tuning the 
surrounding water chemical potential during indentation. For example, the initial 
polyhedron shapes with 4 vertices shown in Figure 3-3B disappears when the 
surrounding chemical potential increases slightly. The underlying reason is that the 
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swelling of hydrogel microlenses results in an increase in the thickness, favoring 
stretching deformation over bending deformation. Consequently, the swollen hydrogel 
microlenses transform back into the axisymmetric shape with all the asymmetric 
features eliminated. The simulations also showed that shrinking can also transform the 
asymmetric patterns directly into the axisymmetric patterns when the surrounding 
chemical potential decreases slightly. But the underlying reason is different from the 
swelling case. Shrinking the hydrogel microlenses may greatly reduce the lateral 
dimension of the microlenses, thus lowering the apex height dramatically and 
favoring the axisymmetric shape type, which is consistent with the previous results. 
3.3.2 Vertical outward indentation 
Similarly, this scenario is investigated through parametric study of the height 
span ratio H R  of the hydrogel thin shell (Figure 3-4). FEM simulations suggest 
that two types of instability pathways can be differentiated for this loading condition.  
1) Small height span ratio H R  
Hydrogels with a small height span ratio ( 0.2R H ) undergoes stretching within 
the hydrogel surface. No obvious buckling or crumbling phenomena are observed 
during the deformation (insets a and b in Figure 3-4A). From Eq. (3-7), the loading 
can be estimated to be proportional to the indent depth in this relation (based on 
uniaxial tensile which only included the material nonlinearity), that is, 
    12/ / 1 / 1F Et d H d H     . The best fitting to the numerical result leads to 
    12/ / 1 / 1 2.15F Et d H d H       . It is seen that the formula and finite 
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element result are in good agreement at the early stage. However, a large deviation is 
observed at large indent depth. This difference may be due to swelling effect and/or 
geometry nonlinearity, but not due to hyperelasticity since the hyperelasticity is 
already included in the formulation.  
2) Large height span ratio H R  
The hydrogel microlenses with large height span ratio ( 0.8R H ) undergo 
localized to extended pattern transformation. Initially, the deformation is only 
confined within the center (inset a in Figure 3-4B). The corresponding loading is large 
compared with the inward indentation case due to the in-plane tensile stress. At a 
small indentation depth 0.076d H  , the hydrogel microlenses buckle into four 
circumferential waves near the apex (inset b in Figure 3-4B). The reaction force drops 
nearly 50% in response to the softening of the structure and the release of elastic 
energy. Further indentation leads to the enlargement of the four branches. After the 
branches approach the fixed bottom edge (inset c in Figure 3-4B), the hydrogel 
microlenses begin to buckle from bottom to top in between the branches (insets d and 
e in Figure 3-4B).  Later, these patterns merge with these originated from the apex 






Figure 3‐4. (A) Load‐indentation response of hydrogel microlenses with 0.2H R . No instabilities 
are observed during deformation. The hydrogel presents hyperelastic features. The dash line is 
the best curve fit by      1/ 1 / 1F d H d H     . (B) Load‐indentation response of hydrogel 
microlenses with 0.8H R . Typical deformed configurations are characterized by buckling first 
from the apex downwards and then crumbling from clamped bottom upwards. Each load drop 
corresponds to a transformation. 
For the inward vertical point loading, the in-plane stress component along the 
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line of latitude of the thin shell is in tension, and the stress component along the line 
of longitude of the thin shell is in compression. It is this compressive stress 
component leads to the buckling of the microlenses, forming the localized pattern 
formation and transformation through bending. This explains the unwilling 
propagation of the branches along the longitude direction. However, for the vertical 
outward loading, the in-plane stress component along the line of latitude of the 
microlenses is in compression while the stress component along the line of longitude 
of the microlenses is in tension. This in-plane tensile stress component tends to flatten 
the microlenses while the in-plane compressive stress component tends to buckle the 
microlenses. A combination of these two stress components leads to the wrinkling of 
the microlenses and the formation of the extended deformation patterns. 
3.3.3 Lateral indentation 
Lateral indentation of the hydrogel microlenses is studied. The numerical 
simulations reveal two types of characteristic pattern transformations for hydrogel 
microlenses with different initial height span ratios H R . Typical simulation results 
for each type are shown in Figure 3-5A and B.  
1)  Small height span ratio H R  
The hydrogel with a small natural curvature ( 0.2H R ) first flattens itself with 
the load-depth characterized by nearly linear-elastic response ( 0.005d R  ) (inset a 
in Figure 3-5A). With further indentation, the hydrogel microlenses begin to buckle 
down. This instability leads to a plateau stage of the load-depth response between a 
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and b in Figure 3-5A. The following load drop (around 25%) is accompanied by the 
enlargement of concave shape at indentation depth 0.02d R   (inset b at Figure 
3-5A). Upon further loading, the buckled-down hydrogel further extends towards the 
clamped boundary (inset c in Figure 3-5A). Then the deformation spreads laterally 
along the boundary. Due to the fixed boundary condition, the central part of the 
microlenses, which is initially buckled down, buckles up and eventually forms a wavy 
shape (inset d in Figure 3-5A).  
2) Large height span ratio H R  
Distinctive from previous observation, the hydrogel microlenses with large 
natural curvature ( 0.6H R ) exhibit a series of transition with well-defined 
multi-faceted symmetric patterns. Initially, the hydrogel microlenses buckle down and 
forms an elliptical concave shape at indent depth 0.01d R   (insert a in Figure 
3-5B). Once the hydrogels lose its stability, their corresponding stiffness is 
characterized by a huge drop of about 97%. Then the microlenses continue to 
bifurcate into three (inset b), four (inset c) and five (inset d) symmetric patterns at 
indent depth 0.035d R  , 0.08 and 0.15 respectively, each of which leads to a 
minor load drop around 2%, 8% and 1%, respectively. These patterns are qualitatively 
similar to vertical inward indentation case. However, they are well defined in terms of 
vertex positions. Specifically, when the vertices are odd numbers, one vertex is 
always in line with the loading direction, while others symmetrically lie aside. When 
the vertices are even numbers, all the vertices are found to lie symmetrically along the 
loading direction. A large loading jump (47%) at 0.19d R  is accompanied by 
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buckling down of the originally convex part, which is located between two bottom 
vertices. Similar to the vertical outward indentation case, this pattern emerges from 
the bottom boundary and propagates upward. 
Compared with previous two loading cases (A and B), the configuration 
evolution inherits some of the features, namely, multiple pattern transitions and 
localized and extended deformation. However, the corresponding load drops are more 
sensitive to indentation depth, that is, the initial load drop occurs at a relative small 
indent depth. Concerning the position of the patterns, all of them are confined within 
the rear side of loading direction (the R side), leaving the front side (the F side) 
unaffected. It should be noted that stress states at the R side are different for that at the 
F side. For the R side, the stress component along the line of longitude of the thin 
shell is in tension while the stress component along the line of the latitude is in 
compression. Similar to the cases with a large H R  and under vertical outward 
loading, the tensile stress component tends to flatten the thin shell while the 
compressive stress tends to buckle the thin shell at the R side. A combination of these 
two stress components leads to the wrinkling at the R side and the formation of the 






Figure 3‐5. (A) Load‐lateral indentation response of hydrogel microlenses with 0.2H R . The 
hydrogel undergoes buckle down at small deformation. Further loading leads the hydrogel 
microlenses to buckle up near clamped boundary constraint. (B) Load‐lateral indentation 









Various pattern formations and transformations of hydrogel microlenses were 
observed under simple concentrated loadings. These patterns are prescribed by 
different instability mechanisms depending on both initial geometry and the loading 
orientation and magnitude. In general, these patterns can be localized or extended 
depending on the stress states of the microlenses. More specifically, these instability 
patterns can be classified as: transitions of localized polyhedral faceted shapes with 
multi-fold vertices created by bifurcation, snapping through curvature inversion and 
large load drop, and wrinkling driven by shell in-plane stretching and compression. 
Meanwhile, indentation load shows different levels of drop at each pattern 
transformation, indicating these transitions are energetically favorable.  
The hydrogel model used here includes the key issues in modeling mechanical 
behavior of hydrogels, that is, hyperelasticity and swelling/shrinking. It should be 
noted that current implementation is restricted to the assumption that the hydrogels 
are in equilibrium with solvents throughout the deformation. Indeed, 
swelling/shrinking may lead to the size change of hydrogel microlenses, thus 
modifying the deformed shapes of hydrogel microlenses and eliminating the already 
bifurcated morphologies. As discussed previously, for hydrogel microlenses whose 
thickness is of micron scale, the diffusion rate is comparable to the loading rate. Thus 
diffusion process has insignificant effect on the deformed shapes. However, when the 
hydrogels are used in macroscopic scale systems, kinetic effect may become 
important in controlling the buckling modes. Hence, how this kinetic effect affects the 
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evolution of the instability pattern is an interesting future work.  
There is considerable interest in developing smart optical devices, for example, 
curved hydrogel surfaces that can dynamically change their focal properties and 
morphologies. Recent progress in fabrication of hydrogel microlenses with bottom 
clamped has provided a basis for such development [94]. The present study indicates 
that the focal properties of hydrogels can be tuned, i.e., diverging, partially focus, or 
completely focus in certain directions through changing the magnitude and orientation 
of the external loadings and swelling conditions. It is shown that the instability and its 
induced pattern transformations triggered by external loadings and swelling can lead 
to rich pattern evolution pathways, providing possible strategies in manufacturing 
continuous and controllable hydrogel microlenses. 
3.5 Conclusion 
The instability pathways of hydrogel microlenses were systematically 
investigated by varying their curvatures and loading conditions. FEM simulation 
revealed a series of rich patterns for deformed hydrogels arising from different 
instability mechanisms. Three types of instability are identified, namely, transitions of 
polyhedral faceted shapes with multi-fold vertices created by bifurcation, snapping 
through curvature inversion and large load drop, and wrinkling driven by combined 
in-plane stretching and compression. The deformed morphologies are sensitive to 
swelling/shrinking of the hydrogels. Both swelling and shrinking of the hydrogel 
microlenses structure may eliminate the already bifurcated multi-facet shapes. Hence 
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through tuning the mechanical loading and surrounding chemical potential, the shapes 
of the hydrogel microlenses can be well controlled. This work may shed light on the 
possible design and fabrication of smart hydrogel microlenses that have controllable 




Chapter 4: Formation of gears through 
buckling multilayered film-hydrogel 
structures 
4.1 Introduction 
Spontaneous formation of patterns via buckling multilayered structures provides 
a fascinating route for the generation of nano- to micro-structured functional devices 
[95]. In this chapter, mechanical instabilities of soft hydrogels coated with thin elastic 
films subjected to shrinking will be discussed. Due to the non-uniform shrinking ratio, 
residual compressive stresses are generated at the film-hydrogel interfaces, triggering 
the buckling of thin films. A variety of morphologies and spatial shapes may occur 
due to the difference in stress states. 
Extensive experiments and theoretical studies have been performed to 
understand the underlying mechanisms and the possibility of fabricating well-defined 
buckling patterns. Experimentally, highly-ordered and strikingly uniform buckling 
patterns at different length scales with diverse shape and size were achieved through 
pre-patterning substrates, for example, varying the modulus or introducing specialized 
defects on the substrate surfaces [96-98]. Theoretically, based on energy scaling and 
minimization, the critical buckling wavelength and critical stress were given in terms 
of elastic modulus and film thickness [99]. 
These previous studies primarily focused on flat substrate surfaces. Recently the 
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curved substrates have attracted great attention due to the sensitivity of the buckling 
conditions of thin shells to substrate curvature [100-102]. For example, hemispheric 
substrates were used to fabricate compound micro-lens array through 
swelling-induced buckling of thin films [35]. The core-shell cylindrical polymer 
electrospun during evaporation was used to produce various regular surface buckling 
patterns [103]. These works suggest that the curvature of the substrate plays an 
important role in forming various non-trivial patterns which may have important 
practical applications.  
In this chapter, we investigate the buckling and post-buckling behavior of a 
hydrogel tube whose inner and outer surfaces are coated by thin elastic films 
subjected to shrinking. We show that this multilayered structure presents richness in 
forming various interesting regular buckling morphologies. We determine the critical 
conditions for these buckling instabilities and identify the critical parameters for 
controlling post-buckling states. As a result, the buckling wavelength and spatial 
configurations can be tuned by controlling the geometries and material properties of 
the multilayered structure. This study suggests that these post-buckling structures with 
regular surface patterns may be used as components for smart gear systems. 
4.2 Numerical simulation of gear formation 
Numerical simulations are carried out to study the shrinkage-induced 
post-buckling behavior of a swelling hydrogel tube coated with two elastic films. The 
hydrogel initially is in fully swollen state (its volume swelling ratio is 9.94 with 
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reference to the dry-state of the polymer). Upon de-swelling, the contractive 
deformation of the hydrogel will cause buckling instability of the films. The swelling 
hydrogel tube has an inner and outer radius iR  and oR , respectively. Its Young’s 
modulus is sE , which is taken as 3NkT , where k  is the Boltzmann’s constant, 
T is the room temperature, and N  is the cross-linking density; Poisson’s ratio is sv , 
which is taken as 0.5. Both the inner and outer surfaces of the long hydrogel tube are 
coated by an elastic film of uniform thickness. For the inner and outer films, their 
thicknesses are fit  and fot , Young’s moduli fiE  and foE , and Poisson’s ratios fiv  
and fov , respectively. (The subscripts i  and o  denote inner and outer film, 
respectively). Unless otherwise stated, the geometry parameters are given: the ratio 
o iR R  is taken to be constant at 2 while the normalized curvatures i fiR t  and 
o foR t  are taken to be 50 and 100, respectively. These films are assumed to perfectly 
bond to the hydrogel. As detailed in chapter 3, the constitutive model of the hydrogel 
is implemented into Abaqus to model the shrinking process. An infinitesimal initial 
geometry imperfection was seeded in the structure in order to initiate buckling 
instability. The shrinking of initially swollen hydrogels is simulated by gradually 
decreasing the chemical potential from zero. During shrinking the hydrogel, 
compressive residual stress is generated in the films. The film stress fi  and 
fo may cause the buckling of either the inner film, or the outer film, or both. At the 
post-buckling stage, the buckling amplitude keeps increasing in order to release the 
strain energy while the wave number remains unchanged. Systematic parametric 
studies are performed to understand the buckling and post-buckling behavior of the 
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hydrogel-thin film system. The post-buckling profile is categorized from the aspect of 






numerical results are in good agreement. For inset (a) / 1fo sE E  ; (b) / 5.80fo sE E  ; 
(c) / 7.23fo sE E  ; (d) / 8.80fo sE E  ; and (e) / 100fo sE E  . The dash‐dot line represents 
12.5sfE Ei  . The insets are the buckling shapes when the shrinking volume is approximately 
70% of the initial volume. 
By varying the controlling parameters of the model system (e.g. geometry and 
material properties), three types of regular post-buckling configurations are observed: 
1) the formation of inner teeth; 2) the formation of outer teeth; and 3) the formation of 
both double teeth. Several typical post-buckling shapes are shown in Figure 4-1. It is 
found that, for example, if / 12.5fi sE E   (denoted by dash-dot line in Figure 4-1), 
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the post-buckling configurations with double teeth are observed when 
7.0 / 7.5fo sE E   (see inset (c) with / 7.3fo sE E  ).  However, when / 7.0fo sE E  , 
the post-buckling shapes with only inner teeth are observed (see inset (a) with 
1/ sfo EE  and inset (b) with / 5.8fo sE E  ). It is interesting to notice that the 
number of inner teeth is insensitive to the change of sfo EE /  when 
1 / 7.0fo sE E  . The post-buckling profiles with only outer teeth are observed when 
7.5 /fo sE E  (see inset (d) with / 8.8fo sE E   and inset (e) with 100/ sfo EE ). 
Again it is seen that the number of teeth is insensitive to the change of sfo EE /  
when 7.5 / 100fo sE E  . The results show the existence of a zone in which gears 
with double teeth can be formed. It appears that the width of this zone depends on the 
initial imperfections imparted to the structure. 
It is important to identify the conditions at which these three types of 
post-buckling modes can be formed. Generally, there are two most critical parameters 
that characterize the buckling instability, namely, the critical stress and critical wave 
number. It should be noted that the buckling conditions for an elastic ring film bonded 
to a solid elastic cylinder was derived and has been recently applied to investigate the 
mechanical self-assembly fabrication of gears in elastic thin film structure [95]. In this 
chapter, we address the buckling behavior of elastic films bonded to the inner and 
outer surfaces of a hollow cylinder modeled as a hydrogel. Since the film stress 
decays quadratically with the distance, the buckling condition of the inner film may 
be less affected by the outer film or vice versa if the hydrogel tube thickness is much 
larger than the wavelength of the buckling mode. For simplicity we focus on two 
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extreme cases: a hydrogel tube with only an inner ring film and a hydrogel tube with 
only an outer ring film.  
For a ring film bonded to the inner or outer surface of hollow cylinder subjected 
to radial pressure at the interface, the critical wave number ( crn ) and the critical 
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For the case where the inner film buckles, we have iRR  , and the stiffness of 
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)1/( 2fff vEE  , fI  is the moment of inertia 
of the films, and H  is the height of hydrogel tube.  We take the critical stresses of 
the two extreme cases approximately as the critical stresses of the multilayered 
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From the continuity of pressure and hoop strain at the interfaces of the 
multilayered structure, the pre-buckling hoop stresses in the films can be analytically 
obtained. Their ratio is: 
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Figure 4-2 shows that the variation of these two stress ratios with /fo sE E  at 
5.12/ sfi EE . The geometry parameters are the same as defined in Figure 4-1. It can 
be seen that both the pre-buckling stress ratio fi fo   and the critical buckling 
stress ratio cr fi cr fo    decrease monotonically with the increase in the normalized 
outer film modulus fo sE E . However, there is a crossover between the two curves. 
The intersection of the two curves gives the critical condition, which differentiates the 
three shapes. When cr fi cr fo    is less than fi fo  , the inner film reaches the 
critical stress first, leading to the inner film buckling first and the formation of the 
inner teeth. When cr fi cr fo    is larger than fi fo  , the outer film reaches the 
critical stress first, leading to the outer film buckling first and the formation of the 
outer teeth. When cr fi cr fo   = fi fo  , the inner and outer films buckle 
simultaneously, leading to the formation of double teeth structure. The analytical 
solution at this critical point is 6.5fo sE E  , which is in reasonable agreement with 
numerical solution 7.23fo sE E  . It was mentioned previously that, there is a zone 
for which the formation of the double teeth structure is possible. However in the 
linear elastic analysis, it occurs only at a point, cr fi cr fo fi fo      . These 
differences may be due to the interaction between the inner film and the outer film, 





Figure 4‐2. Stress ratio  fi fo    and critical stress ratio  cr fi cr fo     vary with  /fo sE E   at 
/ 12.5fi sE E  . The intersection differentiates these three types of spatial configurations, that is, 
cr fi cr fo fi fo        corresponds to inner teeth,  cr fi cr fo fi fo        corresponds to outer 
teeth and  =cr fi cr fo fi fo     corresponds to double teeth. The intersection is characterized 
by  / 6.5fo sE E  . 
4.4 Teeth number 
It is also important to predict and control the wave number of the buckling film, 
or the teeth number. Here we take the formation of the inner teeth at 1fo sE E   as 
an example. Figure 4-3(A) and (B) compare the critical wave number between 
numerical simulations and analytical solution (Eq. 4-1) with the variation of fii tR /  
and sfi EE / , respectively. It is seen that the numerical results agree well with the 
analytical results. The post-buckling configurations (see the insets in Figure 4-3) are 
characterized by an ordered distribution of teeth with varying numbers (from 10 to 
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50). Good agreement is also obtained for the formation of the outer teeth structure. 
However, it should be mentioned when /i fiR t  is less than 20, no teeth are formed at 
70% shrinking ratio. Therefore, the proposed way to fabricate hydrogel gears requires 
proper choice of /i fiR t  and shrinking ratio. Figure 4-4(A) and (B) show the 
comparison of the critical wave number between numerical simulations and analytical 
solution (Eq. (4-1)) with the variation of /o foR t  and fo sE E , respectively. It is 
found the analytical results can well capture the tendency of the numerical simulation 







of the buckling wave number as a function of (A) normalized curvature  i fiR t   and (B) 







of the buckling wave number as a function of (A) normalized curvature  o foR t   and (B) 






Another important feature in gear systems is the teeth amplitude. The buckling 








       
                                                 (4-5) 
where A ,  , cr  are the amplitude of the gear, shrinking strain of the hydrogel, 




amplitude as a function of normalized shrinking ratio  cr  . 
In Figure 4-5, the teeth amplitude predicted by Eq. (4-5) is in good agreement 
with the FEM results for various material and geometry combination. Through Eq. 
(4-2) and Eq. (4-5), it is feasible to design hydrogel gears with desired shapes in a 
quantitative way. Furthermore, as shown in Figure 4-6, a planet hydrogel gear system 
can be obtained through proper combination of hydrogel gears obtained by our 
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computer simulations.    The input for the numerical simulations are: blue gear:  12.5E Esfi  ，
7.23E Esfo  ， 100R to fo  ， 50R ti fi  ; green gears:  1E Esfi  ,  250E Esfo  , 
50R to fo  , 50R ti fi  ; yellow gear:  1E Esfi  ,  100E Esfo  ,  50R to fo  , 50R ti fi  ; 




In this chapter, we have demonstrated that the spontaneous formation of patterns 
via buckling multi-layered hydrogel-film structure is able to provide a convenient way 
to fabricate components for gear systems. Hydrogel gears with inner teeth, outer teeth 
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and double teeth can be obtained. We have also shown that the analytical model is 
able to capture the tendency of the FEM results, and thus can be used to 
approximately predict for teeth formation in hydrogel gears. There are a few of 
important features about the proposed hydrogel gear systems. First, the teeth spatial 
shape and teeth number can be controlled via material and geometry properties, 
giving rise to a great flexibility in controlling gear components; second, the hole ratio 
o iR R  can be designed to satisfy varied application situations; third, hydrogels are 
capable of undergoing large volume change in response to external stimuli like 
temperature and pH value [8, 14]. This may provide an easy control for switching on 
and off the gear transfer system, and finally through adjusting these stimulating fields 
via the transition axis or surrounding fluid, the gear teeth height can be controlled, 
providing high flexibility for adjusting teeth height and interlock tolerance even after 
fabrication. Consequently, the proposed hydrogel gear systems may have important 





Chapter 5: Buckling behavior of a 
hydrogel plate with a space-varying 
cross-linking density under swelling 
5.1 Introduction 
Extensive studies have been performed to understand the detailed shaping 
mechanisms and the possibility of fabricating well-defined shapes through mechanical 
instability. Previous shaping schemes mostly focused on controlling the external 
mechanical boundary conditions or loading conditions of hydrogel structures in order 
to generate the driving stress. For example, hydrogel strips with one edge clamped to 
stiff plate buckles into wavy shapes during swelling [42]. When subjected to 
concentrated loading, hydrogel microlenses may bifurcate into polyhedral faceted 
shapes with multi-fold vertices [106]. Through shrinking the hydrogel-film systems, 
well-defined waves may be formed for fabrication gear components [107]. Recent 
experimental work shows that by manipulating the internal material inhomogeneity 
other than external loading/boundary conditions, shaping of hydrogel thin plate 
structures can also be well controlled during volume transition process. For example, 
upon shrinking, hydrogel plates fabricated with monomer concentration varying along 
the plate radius, are able to deform into non-trivial three dimensional shapes 
characterized by periodic wavy shapes [31, 108]. Recent theoretical work also 
highlighted the formation of complex structures at the edge of thin tissues using an 
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inhomogeneous setting [109].  
Since previous analyses on the buckling instabilities focused primarily on the 
mechanical constraints or loading conditions, relatively little attention has been paid 
to the subtle role of the inhomogeneous molecular structures of hydrogel material 
itself. Here we will examine the effect of material inhomogeneity on the mechanical 
instability of hydrogel structures. During making hydrogel materials, the gradient of 
the cross linking density within the structure can be easily controlled, thus the 
distribution of swelling ratio and its corresponding stress state can be tuned 
accordingly. In this way, when the “designed” hydrogel plates undergo free swelling 
in response to specific homogeneous external stimulation, non-uniform internal stress 
may be generated, leading to a prescribed shape. Hence understanding the buckling 
behavior of inhomogeneous hydrogel materials is important to fabricate the 
hydrogel-based mechanical devices and structures. This shaping mechanism may also 
have a variety of potential applications, including optical devices, smart adhesion 
surfaces, and drug delivery systems. Since hydrogel is similar to tissues or hydrated 
plants, which typically have inhomogeneous materials properties, the study of 
morphologies change of hydrogel may also shed light on the mechanical behavior of 
soft tissue/plant, and explain the pattern formation in natural world. For example, the 
swelling of hydrogels may be used to understand tissue structure and properties, and 
the formation of periodic wavy wrinkling patterns might be used to explain the 
structure of human skins as well as natural leaves/flowers [110, 111]. 
In this chapter, we investigate the buckling behavior of circular hydrogel plates 
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with cross linking density changing along the radial direction subjected to swelling. 
The FEM results show that depending on the distribution of cross-linking density in 
the plate, the hydrogel plate buckles into different shapes characterized with different 
wavelengths and penetration depths. In general, the swollen morphologies can be 
further categorized into three types: a global buckling leading to an axisymmetrical 
bowl shape; a global wrinkling resulting in a saddle shape, and a localized edge 
wrinkling leading to a wavy edge. We further analyze the relations between the stress 
field and the buckled shape, and the penetration depth and the buckling mode, that is, 
global buckling and localized wrinkling. The numerical simulations and analyses 
reveal a potential route to fabricate smart hydrogel structures and devices through 
designing their molecular structures. 
5.2 Numerical  simulations‐three  types  of  buckling 
patterns 
Consider a circular hydrogel plate with a radius R  and a thickness t , its cross 
linking density ( n ) or shear modulus ( 6nkT  ) varies along the radial direction. In 
what follows, it is assumed that the cross linking density distribution obeys a power 
law function, 
   0 0 pRn n n n r R                                                                                                               (5‐1) 
where 0n  and Rn  are the cross linking density at the center and the edge, 
respectively. Then the “programmed” hydrogel plate undergoes free swelling in water. 
Since the thickness of the hydrogel plate is thin, it is reasonable to assume the 
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chemical potential within the hydrogel is homogeneous during swelling since the 
water diffusion length is far larger than the plate thickness. Due to non-uniform cross 
linking density distribution, non-uniform stress state arising from inhomogeneous 
swelling ratio is generated. Large compressive stress may be developed at the center 
or edge depending on the specific distribution of cross linking density. The large 
compressive stress may eventually lead to mechanical instability, leading to buckling. 
We seek numerical results based on finite element analysis since the system involves 
both material and geometry nonlinearities, precluding any analytical solution. A three 
node shell element model was formulated by using a general-purpose finite element 
code Abaqus. As detailed in Chapter 3, the constitutive relation of hydrogel is 
implemented to capture the complex behavior during swelling process. The swelling 
is controlled by gradually increasing the chemical potential until the equilibrium is 
obtained, where the chemical potential is zero. An infinitesimal initial geometry 
imperfection was seeded in the structure in order to initiate buckling instability. In 
order to capture the local instabilities during deformation, a stabilizing mechanism 
based on energy dissipation was employed in all calculations.  
The material parameters were chosen to be that of a typical hydrogel. The 
Flory-Huggins interaction parameter   was fixed to be 0.5. The cross linking 
density distribution was categorized into two trends: 1) an increase with the radius 
( 0Rn n ); and 2). a decrease with the radius ( 0Rn n ). For the former, the cross 
linking densities (normalized by 1 /V , where V is the water molecule volume) at the 
center and edge were fixed to be 300 10 / 3rnV n V

    and 210 / 3Rr RnV n V     
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respectively; while for the latter, the reverse was true. The exponent p  was adjusted 
to control the material distribution. All the length scale is normalized by the plate 
radius R  while all the stress is normalized by nkT . Since the thin plate buckling 
modes were also sensitive to the aspect ratio, H R , we also examined this geometry 







small p (see inset (b) for =0.25p ) and edge wrinkling occurs at large p (see inset (c) for =10p ). 
 
Systematic parametric studies were conducted to investigate the influence of 
cross-linking density distribution and the aspect ratio t R  on the buckling modes 
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and post-buckling morphologies of the swollen hydrogel plates. The numerical 
simulation results can be categorized into three distinct buckling modes as shown in 
Figure 5-1, according to their symmetry and penetration depth pl (normalized by R ). 
The penetration depth pl  is defined as the persistent distance of the waves from the 
edge to the position where the deflection vanishes. The symmetry differentiates the 
first buckling mode, which remains axisymmetrical from the other two 
axisymmetry-breaking modes. The penetration depth of the buckling wave further 
distinguishes the two axisymmetry-breaking modes. The global buckling refers to the 
cases where =1pl R ; while the edge wrinkling refers to the cases with <1pl R . More 
specifically, the first buckling mode corresponds to hydrogel plates with cross-linking 
density increasing along the radius, that is, 0Rn n . The buckled shape is 
characterized by a bowl shape, where the hydrogel plate remains axisymmetrical 
throughout the deformation (inset (a) in Figure 1). When the cross-linking density is 
reversed ( 0Rn n ), the hydrogel tends to break the axisymmetry and forms periodic 
wavy shapes with a wave number k . More specifically, saddle shape ( 2k  ) occurs 
for small p  (see inset (b) in Figure.1 with 0.25p  ). The defection spans across the 
entire plate, that is, from the center ( 0r R  ) to the outer boundary ( 1r R  ), 
leading to the penetration depth pl R  equals to 1. Therefore the saddle shape 
corresponds to the global buckling. When the cross-link density decreases sharply 
near the edge ( 10p  ), the buckled morphology is characterized by small-scaled 
wrinkling ( 8k  ), which tends to localize at the edge and leaves the central portion of 
plates flat (inset (c) in Figure 1). Since the corresponding penetration depth 
86 
 
0.3pl R   is much smaller than 1 for this case, this kind of buckling mode is 
referred to as edge wrinkling. 
We have demonstrated that material inhomogeneity can lead to non-uniform 
swelling ratio along the radius, thus generating inhomogeneous compressive stress. 
From energy point of view, when the aspect ratio t R  is small, stretching and 
bending energy of the plate are comparable. Thus once a critical stress is obtained, the 
initial flat plates may buckle out into three dimensional shapes to minimize the total 
energy [112]. Specifically, the plate with an increasing cross-linking density ( 0Rn n ) 
tends to swell more at the center. Therefore the less swollen edge constrains the inner 
part, resulting in a pre-buckling stress distribution as shown in Figure 5-2(A). The 
hoop stress (  ) changes from compression to tension, indicating the center of the 
hydrogel plate is under compression while edge is in tension. In order to relax the 
compressive strain at the center, the global buckling mode is selected, leading to a 
bowl shape. When the distribution of cross-linking density is reversed ( 0Rn n ), the 
hydrogel near the edge experiences a larger swelling compared with the central part. 
The stiffer hydrogel at the central part confines the edge swelling, causing a 
compressive hoop stress ( 0  ) near the edge and radial tension ( 0r  ) at the 
center (Figure 5-2(B)). To release the excess edge compressive strain, a wavy edge 
shape with wrinkles is favored. The circumferentially compressive stress undergoes a 
sharp transition near the edge as p  increases. For example, when p  equals 0.25 
and 10, the compressive stress turns sharply at r R = 0.1 and 0.67, respectively, 
indicating the critical buckling stress is reached at the position closer to the edge as 
87 
 
p  increases. Therefore, the sharp transition of the stress distribution is clearly 




density increased. The hoop stress undergoes compression to tension as  r   increases. (B) The 
critical buckling stress field within the hydrogel plate with cross linking density decreased. The 
hoop stress transits from tension to compression as  r   increases. With increase of p   , the 
transition point moves closer to the edge, indicating the buckling localizes from the center to the 
edge. 
From our simulation results, it is seen that by controlling the cross-linking 
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density distribution, we are able to control the stress field within the hydrogel plates, 
which in turn controls the outcome of the buckled morphologies, that is, 
axisymmetrically buckled bowl shape, global buckled saddle shape, or edge wrinkled 
shape. Figure 3 illustrates the detailed relationship between material distribution, p , 
and buckled configurations. For 0Rn n , we obtain an axisymmetrical-bowl-shaped 
pattern for a wide range of p  as shown in Figure 3(A). As p  increases (from 0.25 
to 10), the buckling configurations change from a conical shape ( 0.25,0.75p  ) as 
shown in insets (a) and (b) in Figure 5-3(A), to a micro-lens ( 2p  ) as shown in inset 
(c) in Figure 5-3(A), and then to bowl a shape ( 10p  ) as shown in inset (d) in 
Figure 5-3(A). It is seen that the characteristic cross section profile changes gradually 
from a straight line to a smooth curve. For 0Rn n , the non-axisymmetrical shapes 
are delineated in Figure 5-3(B). Generally, a smaller p  gives rise to global buckling 
( 1pl R  ) with wave number 2k   (inset (a) in Figure 3(B)); whereas a larger p  
leads to a greater wave number ( 4,5,8k   as shown insets (b) (c) and (d) in Figure 
5-3(B), respectively). The value of their corresponding penetration depth pl R  for 
the three cases decreases from 0.6 to 0.55 and then to 0.3, indicating that the 
deformation tends to be more localized at the edge as the material distribution turns 










curvature increases with  p . (B) When  0Rn n , the buckled shape is characterized by periodic 
wave shapes. The lines correspond to  p   equal to 0.25, 0.75, 2, 10, respectively. Inset (a) to (d) 






To determine the instability conditions for global buckling and edge wrinkling, 
we perform the following scaling analysis. Assuming the deflection   is small, the 
dimensionless bending energy is scaled with  23 2 2Et R t   while the 
dimensionless stretching energy scales with  2 2sEt R R t  , where   is the wave 
length, which is related to wave number by k/2  and s  is the swelling strain. 
Since the swelling strain s  is proportional to  2   , the total energy may be 
written as 3 2 2 2 2s sE t E t R      , where   and   are constants, respectively. 
Minimization of the total energy with respect to   gives the following scaling law 
for the wavelength 0.5 0.25~ ( ) stR  , which is similar to film wrinkling through 
uniaxial elongation [113]. In this way, the wave number can be scaled as 
  0.5 0.25~ sk t R                                                                                                                          (5‐2) 
The first factor t R  gives the geometry features while the second factor s  is 
dependent on material distribution and swelling condition. These two parameters are 
examined in details. 
The relation of the buckling wave number ( k ) vs. the aspect ratio is shown in 
Figure 5-4 (insets are the deformed shapes of FEM simulations). Generally, a plate 
with a larger t R  tends to reach a low buckling wave number ( =3k  for t=0.1R ) 
whereas a thinner plate tends to obtain a higher buckling wave number ( =8k  for 




Figure 5‐4. The buckling morphologies changing with aspect ratio  Rt .  p   is fixed to be 10. The 
wave number is proportional to    1 2Rt    which is consistent with the energy scaling. 
Next we examine the effect of the material parameter ( p ) on the buckling 
modes ( k  and pl ). The energy scaling has shown 
0.25~ sk  , where the critical 
swelling strain s  depends on the material distribution. Similar to the 
inhomogeneous growth problem investigated by Mehadevan [111], the critical 
swelling ratio can be assumed to be: 
s a bp                                                                                                                                         (5‐3) 
where a  and b  are fitting parameters that depends on 0n  and Rn , 
respectively. To verify this linear relation in the present inhomogeneous swelling 
cases, we have performed finite element simulations to obtain the relation between the 
critical swelling strain crs  and the material parameter, p, at two different sets of 0n  
and Rn . The simulation results shown in Figure 5-5 clearly confirm the linear 
relation. With this linear relation , the wave number can be written as: 
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 0.25~ a bpk                                                                                                                                (5‐4) 
Further, the penetration length of the deformation is 1.50.25~p sl e k  [114], with 
s a bp   , the relation of pl  and p  is:  
1
8~ ( )pl a bp
                                                                 (5‐5) 
 
 
Figure 5‐5. The critical swelling strain can be well fitted by crs a bp   , where  a   and  b  






Figure 5-6 shows the effect of the material distribution on buckling mode. The 
critical wave number undergoes a sharp turn as p slightly increases from 0, 
indicating the buckling mode can be differentiated from a global buckling with 2k   
to edge wrinkling 4,5,6,8k  . This tendency is also confirmed by the penetration 
length as shown in Figure 5-7. Both scaling analysis and FEM results undergo a sharp 
decrease as p  slightly increases from 0. The corresponding pl drops from 1 to 0.6 
as p  increases from 0.25 to 0.75, suggesting the buckling mode transfers from 





to be global buckling where  1pl    and edge wrinkling where  1pl  . 
5.5 Patterns for cylindrical hydrogel tube 
Consider a cylindrical hydrogel tube with space-varying cross linking density 
along the vertical (axial) direction. The upper and lower cross linking densities are 
fixed to be 0.01/3 and 0.001/3. Through manipulating the material distribution, that is, 
by controlling the power p , the swelling ratio of the tube can be well defined. During 
swelling, the differential swelling ratio may lead to compressive stress within the 
hydrogel tube. Depending on the detailed stress states, two characteristic swollen 
shapes are observed as illustrated in Figure 5-8. For cases where p  is small ( 3p  ), 
the material inhomogeneity is small, leading to slight swelling ratio difference between 
along the tube. Although upper hydrogels are constrained by the less swollen hydrogels, 
the critical compressive stress cannot be reached to trigger the buckling (Direction A). 
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As p  increases, the cross section profile of the swollen hydrogel tube changes from a 
concave curve (inset (a)), to a straight line (inset (b)), and then to a convex curve (inset 
(c)). However, for hydrogel tubes with a large p  ( 5,7.5,10p  ), the excessive 
swelling ratio at the head of the tube may lead to a large residual stress. Once the 
critical compressive stress is reached, the hydrogel tube forms localized waves 
(Direction B). As p  increases, the corresponding wave number 3,4,6k   increases 
(inset (d), (e), (f)). From the deformed shapes, it is clear the penetration length of the 
waves decreases. Most of the swollen shapes shown in Figure 5-7 are similar to some 
natural flowers. More specifically, the swollen morphology of inset (c) is close to 
trumpet flower, spiderwort resembles that of inset (d), and inset (f) appears to be quite 
like gardenias. Hence the pattern formation in our simulations closely resembles that 
observed in nature. Although the shape formation of flowers has been studied under the 
context of biology, the shape formation originating from the swelling-induced 
mechanical instability provides a possible alternative cause. Furthermore, the shaping 





Figure 5‐8. Different swollen shapes. For tubes with a small  p   no buckling occurs. The swollen 
shapes are like trumpet (Direction A). With an increase of  p , the cross section profile changes 
from concave to straight line and then to convex curves.    At a large  p , the tube buckles. The 
corresponding wave number increases as  p   increases (Direction B). 
5.6 Discussion   
Triggered by different mechanisms, instabilities of hydrogel structures have 
found many potential applications in a wide variety of fields. For example, surface 
wrinkle can be used as a reusable smart adhesive to control the adhesion of hydrogel 
film/substrate structures [115]; and spontaneous buckling patterns on curved 
substrates can be used to fabricate several types of quasi-two-dimensional (quasi-2D) 
and three-dimensional (3D) gear-like micro-components [105, 107]. By changing the 
distribution of cross-linking density of a circular hydrogel plate, we have shown that 
different types of non-trivial buckling pattern can be obtained. These different 
buckling patterns might find various potential applications. For example, the present 
study indicates that the shallow bowl shaped hydrogel can be a suitable candidate for 
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fabricating microlenses whose curvature is tunable through prescription of the 
material distribution. Based on this, contact lenses with desirable curvatures for 
different people/animals can be designed with ease. The conical shapes and bowl 
shapes are also proposed for fabricating sample holders or containers for biological 
uses. For the symmetry breaking wavy shapes, they might be helpful for shedding 
light on the formation of waves in natural flowers and the saddle shapes in some 
drying leafs. In addition, these wrinkling morphologies might also be applicable as 
smart adhesion surfaces or in tissue engineering. For hydrogel tubes, the swollen 
shapes resemble the morphologies of natural flowers like trumpet flowers, spiderwort 
and gardenias. The inhomogeneous swelling provides a possible way to explain the 
formation of these flowers. The mechanism can be applicable for fabricating artificial 
flowers with a desired number of petals, vessels and other adornments. 
5.7    Conclusion 
In conclusion, we have systematically studied the inhomogeneous swelling of 
“designed” hydrogel plates (tubes) by FEM and energy scaling methods. Our 
simulations have revealed a series of rich patterns for deformed hydrogels arising 
from different distributions of cross linking density. Three types of buckling modes 
are identified, namely, bowl shapes with axisymmetry throughout deformation, and 
global symmetry-breaking wavy shapes, and localized edge wrinkling shapes. 
Depending on the initial material distribution and the aspect ratio, the stress states 
within the hydrogel plates are tunable, leading to the distinct buckling modes. Since 
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the buckling mode and amplitude can be controlled through prescribing material 
inhomogeneity, our work sheds light on possible new mechanisms for design and 




Chapter 6: Conclusion and future work 
6.1 Conclusion 
The present thesis investigated the feasibility and efficiency in shaping hydrogel 
structures through swelling and mechanical instabilities. When hydrogel structures are 
subjected to inhomogeneous swelling and/or mechanical loading/constraints, 
non-uniform distribution of stress/stain may be generated. The residual stress/strain 
may lead to mechanical instabilities of the structure, e.g. surface buckling and 
bifurcation, eventually resulting in complex configurations. FEM simulations which 
include the material and geometry features were used to capture the morphological 
evolution. It is shown that mechanical loadings, boundary conditions and material 
inhomogeneity all can trigger the instabilities of the hydrogel structures, leading to 
nontrivial patterns and pattern evolution. The main conclusions drawn from individual 
chapters are summarized as below. 
In Chapter 3, FEM simulations were carried out to investigate the mechanical 
instabilities of hydrogel microlenses triggered by concentrated loadings. Depending 
on hydrogel microlenses geometries and loading conditions, a series of nontrivial 
instability pathways were found, including: transitions of localized polyhedral faceted 
shapes with multi-fold vertices created by bifurcation, snapping through curvature 
inversion and large load drop, and wrinkling driven by combined in-plane stretching 
and compression. These instability pathways promise a simple and feasible way for 
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shaping hydrogel samples to obtain elaborate configurations and widen their 
application in various fields.  
In Chapter 4, we investigated the buckling instability of a multilayered hydrogel 
tubular structure under shrinking using both analytical method and FEM simulation.  
It was found that the mechanical stabilities enable three types of post-buckling 
configurations with regular patterns; that is, the formation of inner teeth alone, the 
formation of outer teeth alone, and the formation of both inner and outer teeth. This 
system was simplified to be a ring-foundation structure. Using elasticity theory, the 
critical conditions for the three shapes were analyzed. The post-buckling profiles were 
compared with the theoretical prediction. The controlled post-buckling structures 
might be used as basic building components for smart gear systems. 
In Chapter 5, we investigated the bifurcation instabilities of circular hydrogel 
plates with varying cross-linking density along the radial direction undergoing 
swelling. Three types of different buckling patterns were found, depending on the 
distribution of the cross-linking density and the aspect ratio of the plate. When the 
cross linking density was lower at the center and increased monotonically outwards, a 
global buckling occurred, and the hydrogel plate formed an axisymmetric bowl 
container. When the cross linking density was reversed, edge wrinkling occurs. These 
wrinkles could be either localized near the edge or penetrating deep into the plate, 
depending on the detailed distribution of the cross-linking density. The buckling 
modes were predicted through a scaling law. The post-buckling morphologies provide 




We have shown that mechanical loading, boundary constraint, and material 
inhomogeneity all can serve as a triggering mechanism for different mechanical 
instabilities like bifurcation, surface wrinkling and buckling. These mechanical 
instabilities may eventually lead to well-defined patterns and pathways for pattern 
evolution. Hence this work reveals the richness of the mechanical behavior of 
hydrogel structures, and provides potential strategies to control the designing and 
shaping of complex hydrogel structures like smart adhesion and shape memory 
surfaces, gear components, sample containers, as well as contact lens. 
6.2 Future work 
Although shaping mechanisms based on mechanical instability of hydrogel 
structures have been systematically addressed through considering loading condition, 
boundary constraints and material inhomogeneity as driving forces, the time 
dependent behavior of hydrogel is not considered in present work. It is reasonable for 
thin structure to neglect the diffusion effect where diffusion is fast as detailed in 
Chapter 3. However, when the hydrogel sample is thick, non-uniform residual 
stress/strain that is generated during volume transition may be large enough to trigger 
the pattern formation and transformation. For example, formation of creases have 
been reported during swelling thick hydrogel samples bounded to substrate [41]. The 
surface of the hydrogel formed tree-like shapes when critical swelling strain was 
reached. With further swelling, the tree-like shape evolved to a honeycomb-like shape 
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characterized by polygons with no more than six sides. This observation implies that 
diffusion may play an important role in mechanical instability of thick hydrogel 
structures. An important future work is to include the diffusion effect in order to 
capture the mechanical instabilities due to kinetics. The crease formation in the 
experiments might be an ideal subject to study with. 
    For ionic hydrogels, ions also play a vital role in hydrogel volume transition.  
The presence of ions not only affects the swelling equilibrium but also dramatically 
influences the volume transition time. It was reported that both streaming potential 
and diffusion potential may contribute to the electric potential within the ionic 
hydrogels [71]. The challenges lie in the complex boundary conditions and ions. 
Another important future work is to link the multi-physical fields (like 
electric/pH/temperature fields) to the mechanical behavior of ionic hydrogels, 
especially the kinetics. In-depth understanding of the relationship is not only able to 
allow for accurate prediction of both equilibrium and transient behavior of hydrogels, 
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